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In this paper we give an overview of some recent progress in using holography to study various
far-from-equilibrium condensed matter systems. Non-equilibrium problems are notoriously difficult
to deal with, not to mention at strong coupling and including quantum effects. Remarkably, using
holographic duality one can describe and follow the real time evolution of far-from-equilibrium
systems, including those which are spatially inhomogeneous and anisotropic, by solving partial
differential gravity equations (PDEs). We sample developments on two broad classes of questions
which are of much recent interest in the condensed matter community: non-equilibrium steady
states (NESS), and quantum systems undergoing a global quench. Our discussion focuses on the
main physical insights obtained from the gravity approache, rather than comprehensive treatments
of each topic or detailed descriptions of gravity calculations. The paper also includes an overview of
current numerical techniques, as well as the holographic Schwinger-Keldysh approach to real-time
correlation functions.
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I. INTRODUCTION
Holographic duality is an equivalence between a
quantum gravity system in an asymptotic (d + 1)-
dimensional anti-de Sitter (AdSd+1) spacetime and
a d-dimensional quantum many-body system living
on its boundary [1–3]. This is reminiscent of an op-
tical hologram, where a three-dimensional object is
encoded in terms of data living on a two-dimensional
surface. Below we will refer to the gravity and the
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2many-body system in a duality relation as bulk and
boundary systems respectively. A striking implica-
tion of the duality is that the classical gravity regime
of the bulk theory turns out to correspond to the
strong coupling and large number of degrees of free-
dom limit of the boundary system, thus providing
new powerful tools for studying strongly correlated
quantum matter using classical gravity techniques.
Important insights into many aspects of quantum
many-body systems have been obtained, see e.g. [4–
12] for reviews.
In this paper we give a short overview of some
recent progress in using holography to study vari-
ous far-from-equilibrium condensed matter systems.
Non-equilibrium problems are notoriously difficult
to deal with, not to mention at strong coupling and
including quantum effects. Remarkably, using the
duality one is able to describe and follow real time
evolution of a far-from-equilibrium system, includ-
ing those which are spatially inhomogeneous and
anisotropic, by solving partial differential gravity
equations (PDEs). While solving gravity PDEs is
often a nontrivial task, it is much more manageable
than explicitly following the time evolution of a wave
function (or density matrix) of a system consisting
of large numbers of constituents. Furthermore, the
gravity description provides new ways to organize
physics of a system which could be particularly valu-
able in non-equilibrium contexts. For example, the
extra spatial dimension in the bulk, often referred
to as the radial direction, can be considered as a
geometrization of renormalization group flow of a
boundary theory. By analyzing the gravity geome-
try at different radial location, one can learn about
the boundary system at different scales.
Using holographic duality to study non-
equilibrium problems is by now a big subject with
many directions. For example, deep connections
between Einstein’s equations and hydrodynamics
have been uncovered, which led to new understand-
ings of hydrodynamics for systems with quantum
anomalies. Thermalization from various homoge-
neous and inhomogeneous non-equilibrium states
have been extensively studied with the motivation
for understanding the creation and thermalization
of the quark-gluon plasma following heavy ion colli-
sions at RHIC and LHC. Interesting new dynamical
insights have been discovered. For example it was
found that local thermalization (i.e. non-conserved
quantities become locally equilibrated) can happen
extremely fast for strongly coupled systems, at time
scales of order 1/T with T the final equilibrium
temperature. It was also found that hydrodynamics
can become valid much earlier than expected, before
a system isotropizes. Extensive reviews [4, 11, 13]
on these topics exist and will not be recounted here.
In this review we focus on two broad classes of
questions which are of much recent interest in con-
densed matter communities.
The first is concerned with characterizations of
various newly discovered non-equilibrium steady
states (NESS). NESS arise for systems subject to ex-
ternal forcing, for example an applied electric field
or a heat gradient, or a gradient of a chemical po-
tential. If the system is able to adjust itself in such a
way as to establish a balance between the resulting
currents and the applied forcing it will settle into a
stationary state. More generally, one can view such
a steady state as an intermediate-time description of
a system, on scales small compared to the ultimate
equilibration time. If the latter can be made para-
metrically large then the steady-state persists. A
particularly interesting question concerning a NESS
is whether there could exist some effective thermo-
dynamic description. We will discuss one example
each of the three main types of steady states, namely
current driven, heat driven and momentum driven
NESS.
The second class of questions concerns the dynam-
ics after a system has undergone a quench, i.e. an
un-adiabatic change of certain parameter(s) of the
system. These could include temperature, or en-
ergy density, or external fields such as a magnetic
field, or some parameter in the Hamiltonian such as
a mass or a coupling constant. One is interested
in the subsequent dynamics as well as the proper-
ties of the asymptotic state approached at late time.
Quenches are of great interest as they provide sim-
plest ways, both theoretically and experimentally,
to drive a system out of equilibrium, yet yielding
rich dynamics and wide range of phenomena. We
will discuss three topics: entanglement propagation
after a global quench of energy density, sudden driv-
ing of the order parameter of a superfluid, and defect
production across a critical point.
Due to limitation in length, our discussion of these
questions will focus on the main physical insights
obtained from gravity approaches, rather than com-
prehensive treatments of each topic or detailed de-
scriptions of gravity calculations.
We have also included several sections discussing
techniques of gravity approaches. Again this is a
3vast subject with many reviews and books. Our
choice is based on relevance for non-equilibrium
problems and (un)availability in other reviews. In
Sec. III we discuss how to compute real-time cor-
relation functions on a Schwinger-Keldysh contour
using gravity. In Sec. VI we give an overview of ex-
isting numerical methods. In Sec. II we highlight
some basic aspects of the duality which will be used
in subsequent sections. Again these sections are not
meant to be comprehensive, but rather emphasize
key conceptual elements.
There are many other exciting topics which we
will not be able to go into. One is holographic
turbulence, which we will just briefly describe here.
Turbulent flows are ubiquitous in fluid motions. It
is thus a natural question to ask what the gravity
dual of a turbulent flow looks like. Such a turbulent
gravity solution has been constructed numerically
in [14] for a (2 + 1)-dimensional boundary system.
As appropriate for (2 + 1)-dimensional, the authors
observed an inverse energy cascade with energy be-
ing transferred from short to large distances through
merging of vortices, and the − 53 Kolmogorov scaling
law of the energy spectrum. Furthermore, they pro-
vided support for and argued more generally that
the gravity geometry for a turbulent fluid is a black
hole whose event horizon is fractal with fractal di-
mension D = d+4/3, where d is the boundary space-
time dimension, and the extra 4/3 is related to the
− 53 Kolmogorov scaling law. Other discussions of
holographic turbulent fluids include [15].
Another area that has seen significant progress in
recent years is the theory of transport of inhomo-
geneous systems without quasiparticles1. By this
we mean (holographic) field theories whose preferred
ground state has inhomogeneities or otherwise ex-
hibits some form of momentum dissipation. Exam-
ples of such ground states involve spatial modulation
of some kind, for examples stripes [16], helical phases
[17], or checkerboards [18], as well as holographic
systems with an explicit lattice deformation [19] (in-
cluding Q-lattices [20]). Remarkably it was shown
that one can determine the DC conductivities (and
other transport coefficients) in terms of a simple hy-
drodynamic system of equations [21–23], which is
located at the dual black-hole horizon. In fact, in-
tuition gleaned from transport of strongly-coupled
1 A more general review of transport in systems without
quasiparticles is given in [12]
transport in holography has already found fruitful
application in the theory of bad metals, as described
for example in [24, 25] and reviewed in [12]. Further-
more, an interesting perspective on holographic con-
ductivity with momentum dissipation is afforded by
considering massive gravity in the bulk, [26], which
may morally be seen as an effectve theory of broken
spatial translation invariance [27–29].
II. ASPECTS OF THE DUALITY
We first quickly highlight certain aspects of the
duality which will be central to subsequent sections
of the review. We will take the boundary spacetime
dimension to be d, with the bulk gravity spacetime
being d + 1-dimensional. For more detailed exposi-
tions of the duality, see e.g. [30–33]. Readers who are
already familiar with the basic ideas of holography
may safely skip this section.
A. Some basic dictionary
Holographic duality is an equivalence between two
quantum systems. Clearly symmetries of the two
systems must coincide. Furthermore, there should
be a one-to-one correspondence between quantum
states. On the bulk side, in the classical gravity
regime, states are represented by solutions to equa-
tions of motion which satisfy appropriate boundary
conditions. Thus each such bulk solution/geometry
corresponds to some quantum state of the boundary
system. More explicitly, we can write the action for
the bulk theory as
Sbulk = Sgrav + Smatter (2.1)
with Sgrav the gravitational action in AdS
Sgrav =
1
16piGN
∫
dd+1x
√−g
(
R+
d(d− 1)
`2
)
,
(2.2)
and Smatter that for possible matter fields. In (2.2), `
is the AdS radius. Newton’s constant GN is inverse
proportional to the number of degrees of freedom N
of the boundary theory. Thus gravity is weak if N is
large. The spectrum of matter fields and the specific
form of Smatter vary with the specific dual boundary
system, while the gravity action Sgrav is universal to
all systems with an Einstein gravity dual.
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FIG. 1. AdS/CFT as an RG flow. The left panel repre-
sents an RG fixed point, so that the entire geometry is
scale-invariant (empty AdS). The middle panel shows a
thermal state, where the IR geometry is instead a black
hole with horizon at r0. The third panel represents an
RG flow where the UV fixed point flows to gapped theory
in the IR, ending smoothly at a minimum radius rmin.
Only the first geometry is fully scale invariant.
As an illustration let us look at some simple so-
lutions to (2.1) with no matter excited (which then
reduce to solutions of (2.2)). The simplest and most
symmetric solution is the anti-de Sitter spacetime,
ds2 =
`2
z2
(
−dt2 + dz2 +
d−1∑
i=1
dx2i
)
. (2.3)
It corresponds to the vacuum of a dual field the-
ory which is conformally invariant, i.e. a CFT. Be-
low we will use the notations xM = (z, xµ) where
xµ = (t, xi) run over the coordinates of the bound-
ary theory. z ∈ (0,+∞) is the extra “holographic”
coordinate, with the AdS boundary lying at z = 0,2
and large value of z can be considered as the “inte-
rior” of AdS (see Fig. 1).
The metric (2.3) has a large number of isome-
tries (i.e. coordinate transformations which leave
the metric invariant), which are in one-to-one cor-
respondence with conformal transformations of the
boundary system.
Among all the isometries of (2.3) we would like
to draw particular attention to the following scaling
symmetry
z → λz xµ → λxµ . (2.4)
We see that as we scale the boundary coordinates
xµ we must accordingly scale the holographic coordi-
nate z. This indicates that z represents length scales
2 Notice that as z → 0, the overall prefactor 1/z2 in (2.3)
blows up which is analogous to r → ∞ limit of a flat Eu-
clidean metric ds2 = r2dΩ2 in spherical coordinates.
of the boundary theory: we scale to short distances
(UV) in xµ as z scales to 0, and to long distances
(IR) in xµ as z scales to ∞. In other words, going
from the boundary z = 0 to some large values of z
along the radial direction may be considered as going
from UV to IR in the boundary system. This turns
out to be a general feature of all bulk geometries,
including those for which (2.4) is no longer an isom-
etry. Recall that the central idea of renormalization
group (RG) is to organize physics of a many-body
system in terms of scales, thus the radial direction of
AdS can be considered as a geometrization of renor-
malization group (RG) flow of a boundary theory!
Another simple solution to (2.2) is the
Schwarzschild black hole
ds2 =
`2
z2
(
−f(z)dt2 + dz
2
f(z)
+ dx2i
)
, (2.5)
where f(z) = 1−
(
z
zh
)d
and zh is a constant. Equa-
tion (2.5) has an event horizon at z = zh with topol-
ogy3 Rd−1. From the discoveries of Hawking and
Bekenstein in the 1970s, black holes are known to be
thermodynamic objects. Thus it is natural to iden-
tify the solution (2.5) with a thermal state of the
boundary system, with the Hawking temperature
TH =
d
4pizh
(2.6)
identified with the boundary system temperature.
Note that as z → 0, f(z)→ 1, equation (2.5) reduces
to (2.3). This is consistent with the above discussion
of z as representing length scales: as z → 0 we go to
short distances and recover vacuum physics, while
the whole geometry (2.5) tells us how the system
flows from vacuum physics at short-distances (UV)
to thermal physics at IR scales. The presence of
event horizon at some finite value of z = zh can be
considered as an IR “cutoff” representing the inverse
temperature scale. In contrast, in (2.3) the values of
z extend all the way to +∞, reflecting that near the
vacuum, there there exist excitations of arbitrarily
low energies.
Now let us turn to another crucial aspect of the
duality dictionary: correspondence of operators. On
3 Thus strictly speaking one should call (2.5) a black brane
rather a black hole whose horizon has the topology of a
sphere.
5the gravity side, the operators are fields living in AdS
spacetime, each of which is mapped to an operator
in the boundary system. Clearly the dual pair must
have the same quantum numbers under symmetries
of the theory. For example, a scalar boundary oper-
ator should be dual to some bulk scalar field. Since
different boundary theories have different operator
spectra, the precise dictionary depends on specific
systems. Nevertheless, there are some common el-
ements universal to all theories: (i) the boundary
stress tensor Tµν is dual to spacetime metric gMN ;
(ii) a conserved boundary current Jµ is dual to a
bulk gauge field AM .
Solving equations of motion of a bulk field φ (say,
dual to some boundary operator O), one finds that
near the boundary a general solution can be written
as a superposition of two independent powers of z
φ(z → 0, xµ) = a(x)zα1 + b(x)zα2 , α1 < α2 (2.7)
where a(x), b(x) are “integration constants” and α1,2
are some constants which depend on the mass and
spin of φ. Here we have suppressed possible space-
time indices in φ, a, b, which could be tensors or
spinors. As z → 0, the first term in (2.7) domi-
nates and is often referred to as the non-normalizable
term, while the second term as the normalizable
term.
Various quantities in (2.7) turn out to have impor-
tant physical interpretations in the boundary sys-
tem:
• a(x) can be identified as the source for O.
More explicitly, a nonzero a(x) corresponds to
deforming the boundary CFT by a term
SCFT → SCFT +
∫
ddx a(x)O(x) . (2.8)
In other words, the presence of a non-
normalizable term modifies the boundary the-
ory itself.
• b(x) can be identified with the expectation
value of the operator O(x) in the correspond-
ing state described by the bulk geometry, i.e.
〈O(x)〉 ∝ b(x) , (2.9)
where we have suppressed possible proportion-
ality constant (which can depend on scaling di-
mension of O and tensor structure). Thus the
b’s for different φ’s tell us important informa-
tion about the state of the system.
• α1,2 are related to the conformal dimension ∆
of O
α1 = d−∆− n, α2 = ∆− n (2.10)
where n is the number of tensor indices of φ.
Thus from boundary behavior (2.7) of a bulk
field one could read the boundary conformal
dimension of the corresponding operator.
• For a scalar field of mass square m2, by solving
the associated bulk equations, one finds that
α1 = d−∆ and α2 = ∆ with
∆ =
d
2
+ ν, ν =
√
d2
4
+m2`2. (2.11)
Note that in an AdS spacetime m2 can in fact
be negative as far as not too negative that the
square root in (2.11) becomes complex. For
m2 < 0, we have ∆ < d, i.e. the correspond-
ing operator O is relevant, while m2 = 0 corre-
sponds to a marginal operator, and m2 > 0 to
an irrelevant operator. For a scalar, the precise
version of (2.9) is
〈O(x)〉 = 2νb(x) . (2.12)
An interesting subtlety arises when the bulk
mass satisfies
− d
2
4
< m2 < −d
2
4
+ 1 . (2.13)
For an operator that is dual to a bulk field
in this range, there exists a second allowed
prescription, called ‘alternative quantization’,
where the role of source and expectation value
above are exchanged. This is described in de-
tail in [34].
• A conserved current Jµ is dual to a bulk gauge
field AM whose action at quadratic level is sim-
ply the Maxwell action
SMax = − 1
4e2
∫
dz ddx
√−g FMNFMN . (2.14)
One finds α1 = 0, α2 = d− 2, i.e.
Aµ(z → 0, x) = aµ(x) + bµ(x)zd−2 (2.15)
which implies ∆ = d− 1 and is indeed consis-
tent with the scaling dimension of a conserved
current. The proportional constant in (2.9) is
〈Jµ〉 = −`
d−3
e2
(d− 2)bµ . (2.16)
6• For metric perturbations, one finds α1 =
−2, α2 = d− 2, i.e.
δgµν(z → 0, x) = aµν(x)
(
z−2 + · · · )
+bµν(x)
(
zd−2 + · · · ) (2.17)
which is consistent with ∆ = d for the stress
tensor, and (2.9) has the form
〈Tµν〉 = cbµν , (2.18)
where, given the canonical normalization of
the Einstein-Hilbert action, the constant c
takes on the value
c =
d`d−1
16piGN
. (2.19)
We are ignoring the subtleties of holographic
renormalization, such as possible contribution
from the Weyl anomaly in even dimensions
(see [35] for details). A nonzero aµν im-
plies that the boundary metric is deformed to
ηµν + aµν with ηµν the flat Minkowski metric.
• For any relevant operator, the backreaction of
the corresponding non-normalizable term to
the spacetime geometry always goes to zero as
z → 0. This can be seen, for example, from
that for a scalar α1 = d−∆ > 0, while for AM
it becomes z-independent.
There are also systematic procedures for find-
ing higher point functions of boundary operators.
We describe how to compute retarded two-point
functions in next subsection and general real-time
multiple-point functions defined on a Schwinger-
Keldysh contour in Sec. III.
Now consider a CFT deformed by a relevant op-
erator O, i.e. by adding to the action a term λ ∫ O.
As we go to larger distances or lower energies, the
system will move farther and farther away from the
UV fixed point, and eventually to some other IR
fixed point or a gapped phase. On the gravity side,
this amounts to finding the gravity solution in which
the bulk field φ dual to O satisfies a(x) = λ, but the
corresponding a(x) for other fields must all vanish.
Near the boundary, the geometry is close to (2.3)
(see the last item above), but as z increases the de-
viation becomes larger and larger, and eventually
transitions to the geometry representing the IR state
(see Fig. 1).
As a simple example, let us consider turning on a
chemical potential for a conserved U(1) charge, i.e.
adding a term µ
∫
J t to the boundary action, with
J t the time component of a conserved current Jµ.
Since Jµ has dimension ∆ = d − 1, this is a rele-
vant perturbation. On the gravity side, in the sim-
plest situation, only AM is excited and one needs to
find a solution to Sgrav + SMax (i.e. combining (2.2)
and (2.14)) which satisfies the boundary condition
At(z → 0) = µ. The most general solution satisfy-
ing the boundary condition has the form (2.5) but
with a different f and a nonzero At given by
f = 1 +Q2z2d−2 −Mzd, At = µ
(
1− z
d−2
zd−20
)
,
(2.20)
where Q,M, z0 are constants. This solution again
has an event horizon located at z = zh where zh is
the largest root of f(zh) = 0. The geometry (2.20)
describes a CFT at finite chemical potential µ, and
a finite temperature which is again identified with
the Hawking temperature of (2.20).
B. Linear responses and quasi-normal modes
In preparation of our discussion of far-from-
equilibrium systems, here we briefly mention some
key aspects concerning near-equilibrium systems.
When a weak external field is applied to an equi-
librium system, the resulting displacement from the
equilibrium state is small, and at lowest order can be
treated as linear in the external source. For exam-
ple, turning on a source a(x) coupled to a Hermitian
operator O (whose expectation values are taken to
be zero in equilibrium), we have
〈O〉(ω,k) = GR(ω,k)a(ω,k) , (2.21)
where GR(ω,k) is the retarded Green function
GR(x) = iθ(x0)〈[O(x),O(0)]〉 (2.22)
in momentum space. The linear responses of a sys-
tem under various external fields are most commonly
used experimental probes and contain a wealth of
dynamical information:
1. The static susceptibility is obtained as
χ = lim
k→0
lim
ω→0
GR(ω,k) . (2.23)
72. When O in (2.21) is the current for a conserved
quantity, various transport coefficients can be
obtained from the zero momentum and zero
frequency limit. For example, the DC conduc-
tivity σ along some direction i, is obtained by
taking O = J i where J i is the i-th component
of the conserved current:
σ = lim
ω→0
lim
k→0
1
iω
GR(ω,k) . (2.24)
3. The imaginary part of GR gives the spectral
function,
ρ(ω,k) = ImGR , (2.25)
which encodes the spectral weight of O.
4. For a general non-conserved operator O, GR
generically has singularities such as poles or
branch points in the lower half ω-plane which
are a finite distance away from the real ω-axis
as k→ 0. The nearest singularity controls the
relaxation times ofO. More explicitly, suppose
GR has a pole at ω∗(k) = ω1(k)− iω2(k), the
contribution of the pole to O(t,k) is then given
by
〈O(t,k)〉 ∝ e−iω∗(k)t ∝ e−ω2(k)t−iω1(k)t . (2.26)
The late-time behavior is thus dominated by
the pole with the smallest ω2. Note that for a
stable state, ω2 of any pole must be positive.
A negative ω2 leads to exponential growing be-
havior in (2.26) and signals instability.
5. For O given by a conserved quantity such as
energy, momentum or charge densities, GR ex-
hibits poles in the complex ω plane which ap-
proach the origin as k → 0. These are hydro-
dynamical modes such as sound and diffusion
modes which reflect that conserved quantities
relax much slower than typical time scales of
microscopic interactions.
The response function GR for an operator O in
a thermal equilibrium state can be obtained as fol-
lows [36]. One solves the linearized equation of mo-
tion for the bulk field φ corresponding to O in the
black hole geometry for the thermal state. In a clas-
sical black hole geometry, things can only fall into a
black hole, and cannot come out. Otherwise causal-
ity is violated. Thus to obtain the retarded function,
which is causal, one should choose the solution for
which there is only the ingoing behavior at the hori-
zon. For a second order differential equation, this
fixes the asymptotic behavior (2.7), i.e. b and a up
to an overall multiplicative factor. From (2.21) and
the identifications of b and a respectively as the ex-
pectation value and the source, we then conclude
that, for example for a scalar
GR(ω,k) = 2ν
b(ω,k)
a(ω,k)
, (2.27)
where b(ω,k) and a(ω,k) are the Fourier transform
in t and xi directions. This prescription can also
be derived by analytic continuation from Euclidean
signature or the more elaborate real-time formalism
discussed in Sec. III.
As reviewed in the above, key information regard-
ing GR is its pole structure in the complex ω-plane.
From (2.27) we see that poles of GR correspond to4
a(ω,k) = 0 . (2.28)
Equation (2.28) in turn implies that the non-
normalizable piece in Equation (2.7) vanishes, i.e.
the solution should be normalizable. To summa-
rize, the poles of GR correspond to bulk solutions
which are in-falling at the horizon and normalizable
at infinity. Since this involves two-sided boundary
conditions, for a given k, the allowed values of ω
should be discrete, i.e. (2.28) has a discrete spec-
trum ωn(k), n = 1, 2, · · · . Furthermore, the spec-
tral problem defined by studying modes with ingo-
ing boundary conditions is not self-adjoint, and the
corresponding eigenfrequencies are in general com-
plex.
The eigenmodes {ωn(k)} have long been studied
in the general relativity community, and are known
as quasinormal modes (often abbreviated QNM).
QMNs play an important role in gravitational dy-
namics, as they describe how a small normalizable
perturbation around a black hole evolves with time,
and thus characterize the long-time behavior of dy-
namical black holes. A black hole formed from col-
lapse, for example, after an initial non-equilibrium
phase, displays a characteristic ring-down at late
times. This ring-down is directly related to the
quasinormal modes. Holography thus translates the
4 From the structure of the bulk differential equation one can
show that b cannot have poles.
8question of the analytic structure of retarded corre-
lation functions into the study of quasinormal modes
of the dual black-hole geometry. Note that any per-
turbation will eventually fall into the black hole,
which implies that, unless there is an instability, the
imaginary parts of {ωn(k)} should be all negative,
which is consistent with general boundary theory ex-
pectation discussed below (2.26).
C. A simple example
As an illustration of the discussion of the last sub-
section we work out the small ω,k behavior of the
thermal retarded two-point function of a conserved
U(1) current Jµ in (2+1)-dimension. The calcula-
tion recovers the expected diffusion behavior and
computes explicitly the conductivity and diffusion
constant for a strongly coupled conformal field the-
ory with a gravity dual.
As mentioned earlier, a conserved current opera-
tor Jµ is dual to a gauge fieldAM , with action (2.14).
To compute thermal two-point functions of Jµ, as in
[37], we consider equations of motion for AM around
the black hole geometry (2.5) (here we take d = 3).
It is convenient to choose the gauge Az = 0, and we
will work in Fourier space
Aµ(z, x
µ) = e−iωt+iqyAµ(z, ω, q) , (2.29)
where without loss of generality we have oriented
the spatial momentum along the y direction and we
distinguish the original variables from the Fourier
transforms merely by their arguments. The Maxwell
equations in the geometry (2.5) then read (with ′
denoting z derivatives)
wA′t + qfA
′
y = 0 (2.30)
A′′t −
1
f
(
q2At + wqAy
)
= 0 (2.31)
A′′x +
f ′
f
A′x −
1
f
(
q2 − w
2
f
)
Ax = 0 (2.32)
A′′y +
f ′
f
A′y +
w2
f2
Ay +
wq
f2
At = 0 . (2.33)
We have rescaled the radial coordinate by z → z/zh
which means that we now have f(z) = 1 − z3 with
a horizon at z = 1, while w = ωzh and q = qzh are
frequency and momentum measured in units of 1/zh
which is turn proportional to the Hawking temper-
ature (2.6).
It can be directly verified that the solutions to
these equations indeed have the asymptotic behav-
ior (2.15), i.e.
Aµ(z, ω,k) = aµ(ω,k) + bµ(ω,k)z+O(z2) . (2.34)
Thus from (2.16), we find
〈Jµ(ω,k)〉 = − 1
e2
bµ(ω,k) = − 1
e2
A′µ(z = 0) .
(2.35)
Now notice that equation (2.30) contains only first
derivative in z, thus should be considered as a con-
straint equation for the z-evolution. Using (2.35) we
see that, when evaluated at the boundary, it is sim-
ply the conservation equation ∂µJ
µ = 0 in Fourier
space. This is a general feature: conservation laws
of the boundary correspond to constraint equations
in the bulk. Note that the Ax equation (2.32) decou-
ples from the rest; this is again expected on general
ground, with k aligned in the y direction, Jx decou-
ples from the rest of the current in the conservation
equation. Thus we will focus on the sector {At, Ay}.
The equations for At, Ay can be reduced to a sin-
gle second order differential equation
E′′z +
f ′
f
E′z +
1
f
(
w2
f
− q2
)
Ez = 0 , (2.36)
with Ez ≡ A′t and
Ay =
f
qw
A′′t −
q
w
At . (2.37)
Near the horizon z = 1, f → 0, one finds (2.36) can
be written as
∂2z∗Ez + w
2Ez = 0 (2.38)
where z∗ = −
∫
dz
f = − 13 log(1−z)+· · · (as z → 1) is
the so-called tortoise coordinate. Thus Ez behaves
as a plane wave in z∗
Ez ∼ e±iwz∗ ∼ (1− z)± i3w, z → 1 . (2.39)
Note that as z → 1, z∗ → −∞. Including t-
dependence (2.29), the + (−) sign in (2.39) then
describes a wave moving away from (going toward)
the horizon. As mentioned around (2.27), to find the
retarded Green function we need to take the solution
which goes into the horizon, i.e. − sign in (2.39).
Now our task is to find the solution to (2.36) which
behaves at the horizon with the − sign in (2.39),
9expand the solution at the boundary z → 0, and
then read from (2.34)–(2.35) the explicit expression
for 〈Jµ〉 with any given aµ. The components of the
retarded Green functions can be read from
〈Jµ(ω,k)〉 = GRµν(ω,k)aν(ω,k) . (2.40)
While (2.36) cannot be solved analytically for gen-
eral ω, q, it can be solved analytically for small ω, q
which is enough to extract transport behavior. Ex-
panding in small w, q one finds that
〈Jt〉 = 1
e2
q2at + wqay
iw− q2 (2.41)
with e2 the dimensionless bulk gauge coupling.
GRtt = 〈Jt(ω, q)Jt(−ω,−q)〉 =
1
e2
q2
iω −Dq2
(2.42)
GRty = 〈Jt(ω, q)Jy(−ω,−q)〉 =
1
e2
qω
iω −Dq2
(2.43)
where D = 34piT . As expected, the above expression
exhibits a pole at ω = −iDq2 , corresponding to the
physics of charge diffusion with diffusion constant D.
Note that D ∝ 1T as expected for a scale invariant
theory. Similarly, one finds that
GRyy = 〈Jy(ω, q)Jy(−ω,−q)〉 =
1
e2
ω2
Dq2 − iω (2.44)
from which we can extract the conductivity
σ = lim
ω→0,q→0
1
iω
GRyy(ω, q) =
1
e2
, (2.45)
which is a constant in 2 + 1 dimensions [38].
D. Entanglement entropy
So far we have been discussing local operators. A
theory can also contain nonlocal observables. For ex-
ample, in a gauge theory one can have Wilson loops.
When the Hilbert space of a quantum system has a
tensor product structure, one can also define entan-
glement entropy associated with a subset of degrees
of freedom. Here we briefly review the prescription
for computing entanglement entropy associated with
a region, also called geometric entropy, using gravity.
Consider a spatial subregion A of a boundary sys-
tem. Imagine a UV regularization (say putting the
system on a lattice) such that the Hilbert space fac-
torizes into H = HA ⊗ HA, where A denotes the
complement of A. The entanglement entropy of sub-
region A, S(A), is then defined as the von-Neumann
entropy of the reduced density matrix ρA
ρA = trHAρ ⇒ S(A) = −trρA log ρA .
(2.46)
In a many-body system (even including non-
interacting systems!), computing S(A) is a very diffi-
cult task. One typically proceeds by computing first
the Re`nyi entropy
Sn :=
1
1− n log trρ
n
A ⇒ S(A) = lim
n→1
Sn ,
(2.47)
where Sn for n ∈ Z is computed using the so-called
replica trick [39, 40], and the limit n → 1 is taken
formally by analytically continuing the result away
from integer values.
In holographic duality S(A) can be directly ob-
tained without using the replica trick. It involves a
beautiful geometric formula first proposed by Ryu
and Takayanagi [41] and later generalized to time
dependent situations in [42]. More explicitly, S(A)
for the system in a given state is obtained by
S(A) =
area Σ
4GN
. (2.48)
In the above equation Σ is an extremal surface ho-
mologous to A in the corresponding bulk geome-
try for the state, with the boundary of Σ ending
on the boundary of region A (see Fig. 2). When
there is more than one extremal surface satisfying
the boundary conditions, one should choose the one
with the smallest area. In the AdS context, equa-
tion (2.48) generalizes the Bekenstein-Hawking for-
mula for the entropy of a black hole which may now
be considered as a special example of (2.48).
The prescription (2.48) entirely bypasses the com-
putation of the Re´nyi entropies, which turn out to be
much more complicated to determine. To compute
Sn for general n, one needs to find the bulk gravity
geometry dual to the boundary theory on a multi-
sheeted cover of the original spatial manifold, and
then compute its partition function, which is much
more involved than finding an extremal surface.
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FIG. 2. Ryu-Takayangi prescription for the calculation
of the entropy of entanglement of the subregion A with
respect to its complement A. The bulk minimal surface
Σ shares the boundary of the subregion A, i.e. ∂A = ∂Σ
and the entropy S(A) is then given by the area of Σ in
the way indicated.
III. HOLOGRAPHIC
SCHWINGER-KELDYSH FORMULATION
In this section we discuss how to compute real-
time correlation functions defined on a Schwinger-
Keldysh contour using gravity. The formulation
for an equilibrium state is essential complete, but
finding a prescription applicable to general non-
equilibrium situations is still an open problem.
A. General remarks
In the standard formulation of quantum many-
body physics, real-time response and fluctuation
functions in a state given by a density matrix ρ0
can be obtained from path integrals on a Schwinger-
Keldysh contour (or closed time path) as indicated
in Fig. 3. The central object is the generating func-
tional
eW [φ1i,φ2i] = Tr
[
ρ0Pei
∫
dt (O1i(t)φ1i(t)−O2i(t)φ2i(t))
]
,
(3.1)
where Oi denote generic operators and φi their cor-
responding sources. Note that O1i and O2i are the
same operator, with subscripts 1, 2 only indicating
the segments of the contour in which they are in-
serted, while φ1i and φ2i are distinct fields. P indi-
cates that the operators are path ordered. The mi-
nus sign in the second term comes from the reversed
time integration for the second (lower) segment.
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<latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDb bTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8 a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDb bTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8 a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDb bTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8 a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDb bTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8 a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ=</latexit>
tf
<latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit>
tf   i 
<latexit sha1_base64="/69wQQGRA+VrLjDHrp1VM2bgHmQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxY MiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+skF71k+lKRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpYNNKL7MsJXRMhix0VBHJbJTPT57iM6cMcKKNKwV4rv6eyIm0diJj1ykJjOyyNxP/ 88IMkpso5yrNgCm6WJRkAoPGs//xgBtGQUwcIdRwdyumI2IIBZdSxYUQLL+8StqX9cCvBw9XtcZtEUcZnaBTdI4CdI0a6B41UQtRpNEzekVvHngv3rv3sWgtecXMMfoD7/MHIdGRJA==</latexit><latexit sha1_base64="/69wQQGRA+VrLjDHrp1VM2bgHmQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxY MiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+skF71k+lKRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpYNNKL7MsJXRMhix0VBHJbJTPT57iM6cMcKKNKwV4rv6eyIm0diJj1ykJjOyyNxP/ 88IMkpso5yrNgCm6WJRkAoPGs//xgBtGQUwcIdRwdyumI2IIBZdSxYUQLL+8StqX9cCvBw9XtcZtEUcZnaBTdI4CdI0a6B41UQtRpNEzekVvHngv3rv3sWgtecXMMfoD7/MHIdGRJA==</latexit><latexit sha1_base64="/69wQQGRA+VrLjDHrp1VM2bgHmQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxY MiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+skF71k+lKRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpYNNKL7MsJXRMhix0VBHJbJTPT57iM6cMcKKNKwV4rv6eyIm0diJj1ykJjOyyNxP/ 88IMkpso5yrNgCm6WJRkAoPGs//xgBtGQUwcIdRwdyumI2IIBZdSxYUQLL+8StqX9cCvBw9XtcZtEUcZnaBTdI4CdI0a6B41UQtRpNEzekVvHngv3rv3sWgtecXMMfoD7/MHIdGRJA==</latexit><latexit sha1_base64="/69wQQGRA+VrLjDHrp1VM2bgHmQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxY MiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+skF71k+lKRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpYNNKL7MsJXRMhix0VBHJbJTPT57iM6cMcKKNKwV4rv6eyIm0diJj1ykJjOyyNxP/ 88IMkpso5yrNgCm6WJRkAoPGs//xgBtGQUwcIdRwdyumI2IIBZdSxYUQLL+8StqX9cCvBw9XtcZtEUcZnaBTdI4CdI0a6B41UQtRpNEzekVvHngv3rv3sWgtecXMMfoD7/MHIdGRJA==</latexit>
ti   i 
<latexit sha1_base64="dES8SG3cjCb2F4WUWoTjqXbfUxg=">AAAB 8XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIoMeiF48VbC22oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEphyPO+ncLK6tr6RnG ztLW9s7tX3j9omiTTHBs8kYluhcygFAobJEhiK9XI4lDiQzi8mfoPT6iNSNQ9jVIMYtZXIhKckZUeqSvORCdEYt1yxat6M7jLxM9JBXLUu+WvT i/hWYyKuGTGtH0vpWDMNAkucVLqZAZTxoesj21LFYvRBOPZxRP3xCo9N0q0LUXuTP09MWaxMaM4tJ0xo4FZ9Kbif147o+gqGAuVZoSKzxdFmXQp cafvuz2hkZMcWcK4FvZWlw+YZpxsSCUbgr/48jJpnld9r+rfXVRq13kcRTiCYzgFHy6hBrdQhwZwUPAMr/DmGOfFeXc+5q0FJ585hD9wPn8ATBC QqA==</latexit><latexit sha1_base64="dES8SG3cjCb2F4WUWoTjqXbfUxg=">AAAB 8XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIoMeiF48VbC22oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEphyPO+ncLK6tr6RnG ztLW9s7tX3j9omiTTHBs8kYluhcygFAobJEhiK9XI4lDiQzi8mfoPT6iNSNQ9jVIMYtZXIhKckZUeqSvORCdEYt1yxat6M7jLxM9JBXLUu+WvT i/hWYyKuGTGtH0vpWDMNAkucVLqZAZTxoesj21LFYvRBOPZxRP3xCo9N0q0LUXuTP09MWaxMaM4tJ0xo4FZ9Kbif147o+gqGAuVZoSKzxdFmXQp cafvuz2hkZMcWcK4FvZWlw+YZpxsSCUbgr/48jJpnld9r+rfXVRq13kcRTiCYzgFHy6hBrdQhwZwUPAMr/DmGOfFeXc+5q0FJ585hD9wPn8ATBC QqA==</latexit><latexit sha1_base64="dES8SG3cjCb2F4WUWoTjqXbfUxg=">AAAB 8XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIoMeiF48VbC22oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEphyPO+ncLK6tr6RnG ztLW9s7tX3j9omiTTHBs8kYluhcygFAobJEhiK9XI4lDiQzi8mfoPT6iNSNQ9jVIMYtZXIhKckZUeqSvORCdEYt1yxat6M7jLxM9JBXLUu+WvT i/hWYyKuGTGtH0vpWDMNAkucVLqZAZTxoesj21LFYvRBOPZxRP3xCo9N0q0LUXuTP09MWaxMaM4tJ0xo4FZ9Kbif147o+gqGAuVZoSKzxdFmXQp cafvuz2hkZMcWcK4FvZWlw+YZpxsSCUbgr/48jJpnld9r+rfXVRq13kcRTiCYzgFHy6hBrdQhwZwUPAMr/DmGOfFeXc+5q0FJ585hD9wPn8ATBC QqA==</latexit><latexit sha1_base64="dES8SG3cjCb2F4WUWoTjqXbfUxg=">AAAB 8XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIoMeiF48VbC22oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEphyPO+ncLK6tr6RnG ztLW9s7tX3j9omiTTHBs8kYluhcygFAobJEhiK9XI4lDiQzi8mfoPT6iNSNQ9jVIMYtZXIhKckZUeqSvORCdEYt1yxat6M7jLxM9JBXLUu+WvT i/hWYyKuGTGtH0vpWDMNAkucVLqZAZTxoesj21LFYvRBOPZxRP3xCo9N0q0LUXuTP09MWaxMaM4tJ0xo4FZ9Kbif147o+gqGAuVZoSKzxdFmXQp cafvuz2hkZMcWcK4FvZWlw+YZpxsSCUbgr/48jJpnld9r+rfXVRq13kcRTiCYzgFHy6hBrdQhwZwUPAMr/DmGOfFeXc+5q0FJ585hD9wPn8ATBC QqA==</latexit>
ti   i 
<latexit sha1_base64="5yNm4M+0jwSg09DmVD4MU1bOavY=">A AAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S 2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+vyC9ywfStKv1vy6Pwde JUFBaqhAs1/96g00zSRTQAWxNgz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnJ0/xmVMGONHGlQI8V39P5ERaO5Gx65QERnbZm4n/eWEGyU 2Uc5VmwBRdLEoygUHj2f94wA2jICaOEGq4uxXTETGEgkup4kIIll9eJe3LeuDXg4erWuO2iKOMTtApOkcBukYNdI+aqIUo0ugZvaI3D7w X7937WLSWvGLmGP2B9/kDJnWRJw==</latexit><latexit sha1_base64="5yNm4M+0jwSg09DmVD4MU1bOavY=">A AAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S 2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+vyC9ywfStKv1vy6Pwde JUFBaqhAs1/96g00zSRTQAWxNgz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnJ0/xmVMGONHGlQI8V39P5ERaO5Gx65QERnbZm4n/eWEGyU 2Uc5VmwBRdLEoygUHj2f94wA2jICaOEGq4uxXTETGEgkup4kIIll9eJe3LeuDXg4erWuO2iKOMTtApOkcBukYNdI+aqIUo0ugZvaI3D7w X7937WLSWvGLmGP2B9/kDJnWRJw==</latexit><latexit sha1_base64="5yNm4M+0jwSg09DmVD4MU1bOavY=">A AAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S 2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+vyC9ywfStKv1vy6Pwde JUFBaqhAs1/96g00zSRTQAWxNgz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnJ0/xmVMGONHGlQI8V39P5ERaO5Gx65QERnbZm4n/eWEGyU 2Uc5VmwBRdLEoygUHj2f94wA2jICaOEGq4uxXTETGEgkup4kIIll9eJe3LeuDXg4erWuO2iKOMTtApOkcBukYNdI+aqIUo0ugZvaI3D7w X7937WLSWvGLmGP2B9/kDJnWRJw==</latexit><latexit sha1_base64="5yNm4M+0jwSg09DmVD4MU1bOavY=">A AAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArgh6DXjxGMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S 2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzfzOEzOWa/UIk5RFkgwVTzgl4KQQ+vyC9ywfStKv1vy6Pwde JUFBaqhAs1/96g00zSRTQAWxNgz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnJ0/xmVMGONHGlQI8V39P5ERaO5Gx65QERnbZm4n/eWEGyU 2Uc5VmwBRdLEoygUHj2f94wA2jICaOEGq4uxXTETGEgkup4kIIll9eJe3LeuDXg4erWuO2iKOMTtApOkcBukYNdI+aqIUo0ugZvaI3D7w X7937WLSWvGLmGP2B9/kDJnWRJw==</latexit>
C
<latexit sha1_base64="ZpSE1LUhA7+SrEJKzRkfDlJkDEM=">AAAB73icdVDLSs NAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZDJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFW lDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sRzBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhqRjid5X upogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjfVw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd 272pFGtXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit><latexit sha1_base64="ZpSE1LUhA7+SrEJKzRkfDlJkDEM=">AAAB73icdVDLSs NAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZDJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFW lDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sRzBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhqRjid5X upogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjfVw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd 272pFGtXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit><latexit sha1_base64="ZpSE1LUhA7+SrEJKzRkfDlJkDEM=">AAAB73icdVDLSs NAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZDJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFW lDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sRzBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhqRjid5X upogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjfVw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd 272pFGtXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit><latexit sha1_base64="ZpSE1LUhA7+SrEJKzRkfDlJkDEM=">AAAB73icdVDLSs NAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZDJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0fHLRWnktAmiXksOyFW lDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sRzBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhqRjid5X upogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjfVw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd 272pFGtXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit>
ti
<latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK 9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJa eYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK 9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJa eYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK 9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJa eYOYY/cD5/AFp4jdQ=</latexit><latexit sha1_base64="bkzvTm+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK 9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJa eYOYY/cD5/AFp4jdQ=</latexit>
tf
<latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUD bbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZ mA5511JFY26CfH7qlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit>
U(tf , ti)
<latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0 GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEjTSo1fDIDrHgJ8FlapTd2awl4l bkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokxJtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp19/6y2rgp 4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0 GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEjTSo1fDIDrHgJ8FlapTd2awl4l bkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokxJtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp19/6y2rgp 4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0 GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEjTSo1fDIDrHgJ8FlapTd2awl4l bkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokxJtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp19/6y2rgp 4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0 GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEjTSo1fDIDrHgJ8FlapTd2awl4l bkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokxJtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp19/6y2rgp 4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit>
U †(tf , ti)
<latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQ Y9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWaenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtCSZ9ach0FAoojJBnjhGXj81DP rVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEnWglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768TDrnTdtq2 ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQ Y9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWaenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtCSZ9ach0FAoojJBnjhGXj81DP rVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEnWglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768TDrnTdtq2 ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQ Y9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWaenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtCSZ9ach0FAoojJBnjhGXj81DP rVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEnWglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768TDrnTdtq2 ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQ Y9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWaenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtCSZ9ach0FAoojJBnjhGXj81DP rVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEnWglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768TDrnTdtq2 ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit>
V (t)
<latexit sha1_base64="SBwMqPU+yrNQwLMXSwDU6EYOMGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbb Tbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hL7RpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3r M0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD03bjb0=</latexit><latexit sha1_base64="SBwMqPU+yrNQwLMXSwDU6EYOMGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbb Tbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hL7RpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3r M0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD03bjb0=</latexit><latexit sha1_base64="SBwMqPU+yrNQwLMXSwDU6EYOMGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbb Tbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hL7RpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3r M0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD03bjb0=</latexit><latexit sha1_base64="SBwMqPU+yrNQwLMXSwDU6EYOMGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbb Tbt0Nwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUkS8hQIl7yaaUxVI3gkmd7nfeeLaiDh6xGnCfUVHkQgFo5hL7RpeDCpVt+7OQVaJV5AqFGgOKl/9YcxSxSNkkhrT89wE/YxqFEzyWbmfGp5QNqEj3r M0ooobP5vfOiPnVhmSMNa2IiRz9fdERpUxUxXYTkVxbJa9XPzP66UY3viZiJIUecQWi8JUEoxJ/jgZCs0ZyqkllGlhbyVsTDVlaOMp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb45yXpx352PRuuYUMyfwB87nD03bjb0=</latexit>
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FIG. 3. Schwinger-Keldysh contour.
Given a time-dependent gravity solution, there
does not yet exists a fully general procedure to com-
pute (3.1). When the state ρ0 can be prepared by
a Euclidean path integral, one can write (3.1) as
a path integral involving some Euclidean and some
Lorentzian segments. In this case one can obtain
a corresponding gravity spacetime by patching to-
gether different pieces: one associates with each real-
time branch of the contour a Lorentzian spacetime,
and with each imaginary-time branch a Euclidean
spacetime. Different branches are joined together
using patching conditions, roughly, the bulk fields
and their derivatives should be continuous. With
the full path integration contour represented on the
gravity side, the generating functional (3.1) can then
be obtained using the standard procedure of inte-
grating over the bulk fields with sources as bound-
ary conditions. See [43, 44] for discussions, as well
as Fig. 4 for more detail on a specific example of
such a construction. This approach is conceptually
straightforward, but in practice tedious to carry out
even for a thermal equilibrium computation. For a
general non-equilibrium state, it is not clear how to
set up ρ0 as initial/final conditions even when the
corresponding bulk gravity solution is known.
Fortunately, for many questions of interest, there
exist methods which take advantage of the analytic
structure of the relevant gravity solutions. We first
discuss the computation of (3.1) in a thermal ensem-
ble [45, 46], and then a more general proposal which
applies to any spacetime with an analytic horizon
(which does not have to be thermal) [47].
B. Momentum space formulation for two-point
functions in a thermal state
Let us now restrict to a thermal ensemble with
ρ0 =
1
Z
e−βH , Z = Tr e−βH , (3.2)
which is time-translation invariant. In addition to
the contour of Fig. 3 one could move part of the
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FIG. 4. Bulk geometry corresponding to the Schwinger-Keldysh contour in Fig. 5. The top left geometry is the upper
part of the Lorentzian eternal black hole (see Fig. 6) that has been cut along the moment of time symmetry indicated
by the dashed line piercing the bifurcaction surface at the bottom. The part of this slice we are interested in is the
region shaded in gray, located entirely in the right exterior region. The diagram on the top right depicts the Euclidean
version of the eternal black-hole geometry, which also has the slice of (Euclidean) time symmetry indicated. We glue
one copy each of the gray shaded Lorentzian region to the Euclidean section, gluing as indicated one along the red
and and one along the green curve. For each gluing we impose that all metric fields as well any propagating matter
extend to C1 functions on the whole geometry [43, 44, 48]. We similarly glue the two Lorentzian parts together at
the dashed curve which starts out from the bifurcation surface just hugging the future horizon. The latter operation
has the effect of ‘folding over’ the Lorentzian geometry, as suggested by the folded form of the Schwinger-Keldysh
contour itself. The blue boundary curve represents exactly the Schwinger-Keldysh contour of Fig. 5.
Euclidean segment which represents e−βH to other
times, such as t = ∞ as indicated in Fig. 5 with a
general σ ∈ [0, β). Correlation functions obtained
using different choices of σ are different, but they
can be related by simple analytic continuations, and
thus encode the same physical information.
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C
<latexit sha1_base64="ZpSE1LUhA7+SrE JKzRkfDlJkDEM=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZ DJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0 fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sR zBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhq Rjid5XupogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjf Vw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd272pFG tXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit ><latexit sha1_base64="ZpSE1LUhA7+SrE JKzRkfDlJkDEM=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZ DJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0 fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sR zBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhq Rjid5XupogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjf Vw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd272pFG tXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit ><latexit sha1_base64="ZpSE1LUhA7+SrE JKzRkfDlJkDEM=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZ DJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0 fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sR zBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhq Rjid5XupogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjf Vw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd272pFG tXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit ><latexit sha1_base64="ZpSE1LUhA7+SrE JKzRkfDlJkDEM=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQtSd0Vu3FZwT6gDWUynbZ DJ5M4MxFK6E+4caGIW3/HnX/j9CGo6IELh3Pu5d57woQzpR3nw1pb39jc2s7t5Hf39g8OC0 fHLRWnktAmiXksOyFWlDNBm5ppTjuJpDgKOW2Hk/rcb99TqVgsbvU0oUGER4INGcHaSJ2sR zBH9Vm/UHRsp+K75Uvk2GXf80q+IZ5fcb0qcm1ngSKs0OgX3nuDmKQRFZpwrFTXdRIdZFhq Rjid5XupogkmEzyiXUMFjqgKssW9M3RulAEaxtKU0Gihfp/IcKTUNApNZ4T1WP325uJfXjf Vw2qQMZGkmgqyXDRMOdIxmj+PBkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5NWyXYd272pFG tXqzhycApncAEu+FCDa2hAEwhweIAneLburEfrxXpdtq5Zq5kT+AHr7RMhf5AI</latexit >
ti
<latexit sha1_base64="bkzvT m+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh6 9LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9 x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk 0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190R OY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5 QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BT OwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ =</latexit><latexit sha1_base64="bkzvT m+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh6 9LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9 x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk 0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190R OY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5 QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BT OwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ =</latexit><latexit sha1_base64="bkzvT m+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh6 9LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9 x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk 0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190R OY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5 QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BT OwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ =</latexit><latexit sha1_base64="bkzvT m+Om50RI9Xpg3KvhyrweSE=">AAAB6nicbVBNS8NAEJ3Ur1q/oh6 9LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9 x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk 0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZ DJSLBKFrpAfui71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreyk GOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190R OY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5 QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BT OwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AFp4jdQ =</latexit>
tf
<latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm 7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZmA5511JFY26CfH7qlJxZZUCiRNtS SObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm 7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZmA5511JFY26CfH7qlJxZZUCiRNtS SObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm 7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZmA5511JFY26CfH7qlJxZZUCiRNtS SObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit><latexit sha1_base64="1C4i/jRRA0QTA+fVDUfFjFvccgs=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm 7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAftR3616NW8Oskr8glShQKPvfvUGCctirpBJakzX91IMcqpRMMmnlV5meErZmA5511JFY26CfH7qlJxZZUCiRNtS SObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmf5OB0JyhnFhCmRb2VsJGVFOGNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/4Hz+AFXsjdE=</latexit>
U(tf , ti)
<latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k =">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYW ZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEj TSo1fDIDrHgJ8FlapTd2awl4lbkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokx JtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp1 9/6y2rgp4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k =">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYW ZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEj TSo1fDIDrHgJ8FlapTd2awl4lbkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokx JtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp1 9/6y2rgp4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k =">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYW ZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEj TSo1fDIDrHgJ8FlapTd2awl4lbkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokx JtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp1 9/6y2rgp4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit><latexit sha1_base64="uYwfKW4sd4A1yXoa2yTGayHrr5k =">AAAB8XicbVBNS8NAEJ34WetX1aOXYBEqSElE0GPRi8cKpi22IWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYW ZemAqu0XG+rZXVtfWNzdJWeXtnd2+/cnDY0kmmKPNoIhLVCYlmgkvmIUfBOqliJA4Fa4ej26nffmJK80Q+4DhlfkwGkkecEj TSo1fDIDrHgJ8FlapTd2awl4lbkCoUaAaVr14/oVnMJFJBtO66Top+ThRyKtik3Ms0SwkdkQHrGipJzLSfzy6e2KdG6dtRokx JtGfq74mcxFqP49B0xgSHetGbiv953Qyjaz/nMs2QSTpfFGXCxsSevm/3uWIUxdgQQhU3t9p0SBShaEIqmxDcxZeXSeui7jp1 9/6y2rgp4ijBMZxADVy4ggbcQRM8oCDhGV7hzdLWi/VufcxbV6xi5gj+wPr8AYNvkCU=</latexit>
U †(tf , ti)
<latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk =">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQY9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYW aenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtC SZ9ach0FAoojJBnjhGXj81DPrVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEn WglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768T DrnTdtq2ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk =">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQY9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYW aenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtC SZ9ach0FAoojJBnjhGXj81DPrVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEn WglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768T DrnTdtq2ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk =">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQY9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYW aenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtC SZ9ach0FAoojJBnjhGXj81DPrVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEn WglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768T DrnTdtq2ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit><latexit sha1_base64="QiGA1VxNESUr/9qlehv96vIqCLk =">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoICURQY9FLx4rmLbQxrDZbNKlmw92J2IJ/StePCji1T/izX/jts1BWx8MPN6bYW aenwmuwLK+jZXVtfWNzcpWdXtnd2/fPKh1VJpLyhyailT2fKKY4AlzgINgvUwyEvuCdf3RzdTvPjKpeJrcwzhjbkyihIecEtC SZ9ach0FAoojJBnjhGXj81DPrVtOaAS8TuyR1VKLtmV+DIKV5zBKggijVt60M3IJI4FSwSXWQK5YROiIR62uakJgpt5jdPsEn WglwmEpdCeCZ+nuiILFS49jXnTGBoVr0puJ/Xj+H8MoteJLlwBI6XxTmAkOKp0HggEtGQYw1IVRyfSumQyIJBR1XVYdgL768T DrnTdtq2ncX9dZ1GUcFHaFj1EA2ukQtdIvayEEUPaFn9IrejInxYrwbH/PWFaOcOUR/YHz+AA/ok8o=</latexit>
V (t)
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FIG. 5. Standard Schwinger-Keldysh contour for ther-
mal field theory correlation functions.
On the gravity side, (3.2) is described by an eter-
nal black hole geometry, with a metric
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2d~x2 . (3.3)
The detailed form of function f is not important
except that it has a zero at some r = r0, which is
the location of the event horizon, and the inverse
Hawking temperature is
β =
4pi
f ′(r0)
. (3.4)
The coordinates r and t are appropriate for r > r0,
and become singular at the horizon r = r0. By us-
ing the so-called Kruskal coordinates, one could ex-
tend the black hole geometry past r = r0, with the
12
Penrose diagram of maximally extended spacetime
geometry5 shown in Fig. 6 .
U
=
0
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FIG. 6. Penrose-Carter diagram of the eternal
Schwarzschild AdS black hole. The red thickened lines
at the top and bottom represent the singularities, while
the solid lines at 45 degree angles are the horizons which
meet at the bifurcation surface at the center of the dia-
gram. The two asymptotic regions outside the black hole
are indicated by ‘L’ and ‘R’. For convenience a review of
the construction of this geometry is given in appendix A.
As reviewed there, the global Kruskal time runs in the
same direction as tR, but opposite to tL, as indicated
along two constant r slices in each quadrant above.
More explicitly, we introduce the tortoise coordi-
nates,
r∗ =
∫
dr
f
, (3.5)
which has the near horizon behavior (as r → r0)
r∗ =
β
4pi
log(r − r0) + · · · . (3.6)
Define
v = t+ r∗, u = t− r∗, (3.7)
then for the R region we have
U = −e− 2piβ u, V = e 2piβ v, (3.8)
5 While this section gives all necessary details needed for the
present purpose, for completeness we provide more details
on the Kruskal construction in appendix A.
while for the L region
U = e−
2pi
β u, V = −e 2piβ v . (3.9)
Writing U = T −X,V = T +X, we may view T as
a “global time” which covers all regions of the black
hole spacetime. Note that under t→ t+ c, c > 0 we
have
U → e− 2piβ cU, V → e 2piβ cV (3.10)
which has opposite effects in R and L regions: In
the R region it increases T while in L it decreases
T . Thus t runs in the same direction as T in the R
region and in the opposite direction as T in the L
region.
Now observe that the L region expression (3.9)
can be obtained from (3.8) by taking t → t − iβ2 ,
and given that t runs opposite in two sides, we can
thus identify the full extended black hole geometry
Fig. 6 as the gravity dual of the Schwinger-Keldysh
contour of Fig. 5 with σ = β2 . It then follows that
for σ = β2 , the generating functional (3.1) can be
computed in the fully extended black hole geome-
try using the usual procedure, with the bulk Feyn-
man propagator defined in terms of T -ordering (this
corresponds to the so-called Hartle-Hawking vacuum
|HH〉 for a black hole spacetime), i.e.
eW [φ1,φ2] = 〈HH,+∞|HH,−∞〉φ1,φ2 . (3.11)
As an illustration, let us consider a scalar operator
O dual to a massive scalar field χ to quadratic level
in sources φ1,2. For this purpose it is enough to
consider the bulk quadratic action for χ
S = −1
2
∫
dd+1x
(
(∂χ)2 +m2χ2
)
, (3.12)
and (3.1) is obtained by evaluating the action on the
solution of χ(x) which satisfies the boundary condi-
tions (up to some factors of rα1 , which we suppress
here)
lim
r→∞χ(r, x)|R = φ1(x), limr→∞χ(r, x)|L = φ2(x) .
(3.13)
Such a solution can be expanded as
φ(r, k) = a(k)χ1(r, k) + b(k)χ2(r, k) (3.14)
where χ1, χ2 denote a basis of independent solutions
to the wave equation of (3.12). They should be con-
sidered as defined on the fully extended black hole
13
spacetime, and can be obtained by patching together
the solutions in the L and R quadrants [45, 46].
It is convenient to write an independent basis of
solutions to the corresponding wave equation in the
R-region in terms of their near-horizon behavior
χ1 = e
−iωu, χ2 = e−iωv , (3.15)
where χ1 (χ2) describes a wave coming out of (falling
into) the horizon (see Fig. 6). To obtain a global so-
lution defined on a full Cauchy slice of the Kruskal
geometry, we need to analytically continue (3.15) to
the L region, with the help of Kruskal coordinates
U, V . Since in the R-region, u = − β2pi log(−U) and
v = β2pi log V , solutions (3.15) have branch points at
the future (U = 0) and past horizons (V = 0) respec-
tively. To perform analytical continuation to the L
quadrant with (3.9) one has to decide whether to go
around the branch points along the upper or lower
half complex planes of U and V . Going around in the
lower (upper) half plane means “negative” (“posi-
tive”) frequency solutions with respect to global time
T .
To compute the right hand side of (3.11), the solu-
tion (3.14) should behave as a Feynman propagator
ordered in terms of T . In fact it can be considered
as a bulk Feynman propagator from one boundary
point to another. Thus the solution (3.14) should
contain only negative frequency modes in T in the
future of T and only positive frequency modes in T
in the past. This means that we should analytically
continue χ2 (which lives on the future horizon) in
the lower half V plane, while continuing χ1 (which
lives on the past horizon) in the upper half U plane
(i.e. positive frequency solution). More explicitly,
we have the analytic continuation from (3.8) to (3.9)
log(−U) = log(e−piiU) = −pii+ logU (3.16)
log V = log(−e−piiV ) = −pii+ log(−V ) (3.17)
and thus in the L region, the basis of solutions (3.15)
becomes
χ1 → e 12βωχ1, χ2 → e− 12βωχ2 . (3.18)
This completes the specification of the analytic con-
tinuation procedure. Imposing the boundary condi-
tions (3.13) one can obtain the coefficients a(k), b(k)
in (3.14) as
a(k) =
χ2 − χ1e− 12βω
χ1∞ sinh βω2
, b(k) =
χ1e
1
2βω − χ2
χ2∞ sinh βω2
(3.19)
where all fields on right hand sides are in momentum
space and χ1∞(k), χ2∞(k) are defined by
lim
r→∞χ1,2(r, k) = r
∆−dχ1,2∞(k) . (3.20)
The generating functional for other choices of
σ ∈ (0, β) can be obtained by generalizing the pre-
scription (3.18) as
χ1 → e(β−σ)ωχ1, χ2 → e−σωχ2 (3.21)
where the extra factor eβω for χ1 comes from ana-
lytically continuing U in the upper half plane. The
above prescription can also be understood in coor-
dinate space as follows. From
u = v − 2r∗ = v − β
2pi
log(r − r0) + · · · (3.22)
we have
χ1 = e
−iω(v− β2pi log(r−r0)), χ2 = e−iωv (3.23)
and the analytic continuation procedure (3.21) may
be phrased in coordinate language as taking v →
v − iσ while at the same time continuing r − r0 →
e−2pii(r − r0).
Let us conclude by mentioning another construc-
tion of relevance to the discussion of this section.
In [43, 44] the authors advocate a gluing proce-
dure which allows one to construct bulk spacetimes
dual to general contours with both Euclidean and
Lorentzian sections. This prescription is illustrated
on the example of the standard thermal SK contour
(illustrated in Fig. 5) in Fig. 4.
C. A non-equilibrium prescription
We will now discuss a proposal [47] which gen-
eralizes the prescription in the previous subsection
to a general time-dependent gravity geometry which
has an analytic horizon. Note that due to lack of
time translation symmetry, one should consider the
contour of Fig. 3.
For σ = 0, the analytic continuation procedure
discussed at the end of last subsection for a ther-
mal state can be phrased as in Fig. 7: one consid-
ers a complexified black hole spacetime with its two
copies connected at the horizon r = r0 via a clock-
wise 2pi rotation. In the second patch we change the
orientation of r direction. For the full complexified
spacetime to have the same orientation, such a pro-
cedure also effectively reverses the orientation of the
14
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FIG. 7.
v direction in the second copy. Now note that such
analytic continuation can be defined for a general
spacetime with a future horizon, describing a gen-
eral non-equilibrium state. Note that one does no
analytic continuation in Eddington-Finkelstein time
v which is already regular at the future horizon. As
alluded to before, one could obtain correlation func-
tions defined on the Schwinger-Keldysh contour for
such a state by working with the complexified space-
time of Fig. 7.
Having introduced the idea of holography, its for-
malism as well as some advanced topics on the cal-
culation of non-equilibrium correlation functions, we
would now like to move on to some concrete ex-
amples illustrating the power of the holographic
approach. We start with an interesting class of
non-equilibrium phenomena, namely nonequilibrium
steady states.
IV. NONEQUILIBRIUM STEADY STATES
Nonequilibrium steady states (NESS) arise for cer-
tain systems subject to external forcing, for exam-
ple an applied electric field or a heat gradient, or
a gradient of a chemical potential. If the system is
able to adjust itself in such a way as to establish a
balance between the resulting currents and the ap-
plied forcing it will settle into a stationary state.
More generally, one can view such a steady state
as an intermediate-time description of a system, on
scales small compared to the ultimate equilibration
time. If the latter can be made parametrically large
then the steady-state persists, and often an effective
thermodynamic description may apply in the inter-
mediate regime. We shall see examples of this in
the context of large-N theories with holographic du-
als. In this review we focus on three main classes
of steady states, namely current driven, heat driven
and momentum driven NESS.
1. Current driven NESS
Let us assume that a certain system of interest can
be divided into two sectors, for example one sector
of Nf flavors of quarks
6 and a second one consist-
ing of SU(N) gluons. We then imagine applying an
external field to only one of the two components,
say the quarks. It is not even necessary to assume
that the two sectors are different in nature, as in
the aforementioned case. For example, the paper
[49] considers minimally coupling two scalar fields
Ψ = Φ1 + iΦ2 in an O(N) model to a U(1) gauge
potential ∇Ψ→ (∇− ieA)Ψ.
In such cases the system naturally splits up into
the probe sector, the quarks in the former and the
charged field Ψ in the latter example, and the rest
of the system, namely the gluons in the first exam-
ple and the remaining N − 2 scalar fields ΦI in the
latter. If N is taken to be very large, we arrive at
a situation where the ‘rest of the system’ can ab-
sorb momentum and energy from the probe sector
at a rate of O(1), while the reverse processes are
suppressed by inverse powers of N . Then at large
N the ‘rest of the system’ will act as a bath for
the probe sector. As a result, even if the whole
system is in a pure state, we shall recover an ef-
fective thermal description of the NESS. We shall
see that the probe system, subject to the continu-
ous drive, despite being out of equilibrium shows as-
pects of equilibrium thermodynamics, such as an ef-
fective temperature T∗ seen by all fluctuations, com-
plemented by a detailed fluctuation-dissipation rela-
tion. It would be extremely nontrivial to understand
this situation purely from a many-body perspective
as it involves balancing the current, the production
of Schwinger pairs and the scattering, leading to a
relaxation into a steady state.
However, we will now explore how this extremely
complicated interplay of scattering, dissipation and
conductivity can be studied analytically with the
help of holographic duality in a simple manner. As
a prototypical example, we will consider the D3D5
brane intersection [50], and will then briefly describe
how to abstract these insights into a more general
framework. In the probe limit, this brane inter-
section gives rise to a 2 + 1 dimensional theory of
fundamental fermions coupled to an adjoint sector
6 i.e. fermions in the fundamental representation of the gauge
group.
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[51, 52], in other words we have an explicit example
of the first kind we mentioned above. It is this 2 + 1
dimensional theory that we will analyze. Let us first
define our system more precisely.
In the relevant limit (Nf  N) this system is de-
scribed as follows: we let the D3 branes backreact
and take the near-horizon limit, resulting in the met-
ric of a black hole in AdS5 × S5,
ds2 =
u2
`2
(−f(u)dt2 + dx2)+ `2du2
f(u)u2
+`2dΩ25 (4.1)
where ds2 = GabdX
adXb, with f(u) = 1 − u4hu4 , rec-
ognizing the black-hole metric introduced in (2.5).
The dynamics of the Nf D5 branes is then described
by the Dirac-Born-Infeld (DBI) action, essentially
a non-linear generalization of standard U(1) elec-
tromagnetism in terms of a gauge potential A and
its field strength F = dA, living in the background
(4.1). There also is a so-called Wess-Zumino contri-
bution to the action, which does not play a roˆle and
so we can safely ignore it in this analysis. From the
point of view of the field theory the gauge field gives
rise to an electric field with respect to a U(1) sym-
metry acting on the fundamental degrees of freedom.
We proceed by applying an external electric field in
the x direction by choosing the gauge potential
A = − (Et+Ax) dx . (4.2)
In principle we must solve the full set of equations
of motion of the brane intersection, which is a com-
plicated set of partial differential equations. In the
present context one finds that this task can be re-
duced to finding two functions {θ(u), Ax(u)}, where
θ(u) is a single angle describing the position of the
S2 within the S5. For the sake of simplicity, let us
consider the case θ = 0, corresponding to massless
fundamental fermions. Then the equations have a
first integral, introducing a constant of integration,
which turns out to be essentially the boundary cur-
rent expectation value. Using the precise relation
between the expectation value of the current and
this integration constant, allows to deduce the con-
ductivity relation
E = σ(2+1)〈j〉 (4.3)
with σ(2+1) a constant. It is important to note hat
no restriction was made on the smallness of the ap-
plied field, so that this result represents the full non-
linear response to an arbitrary field. The fact that
the response is linear in the source is an accident of
the two-dimensional setup. As we shall see below,
more generally the current response to an arbitrarily
strong electric field is a non-linear function.
In fact the holographic dual geometry emerging
from the above analysis turns out to hold the key to a
simple intuitive description of current-driven NESS.
To reveal this story, it turns out to be enlightening
to study the spectrum of fluctuations around the
steady state. Let us thus expand a given field Φ as
Φ = Φsteady + ϕ (4.4)
to find that its equation of motion, formally from an
action of the type
Ssteady =
∫
d6ξ
√−SSab∂aΦ∂bΦ , (4.5)
where Sab is an effective metric, and not the back-
ground metric introduced in (4.1). Said differently,
the NESS gives rise to an effective geometry, dif-
ferent from the background, leading directly to an
effective thermodynamic description of the the non-
equilibrium physics of the system. As we have seen
before, the dual geometry, and thus the metric, en-
code a great deal of non-trivial physical information
about the field theory, and this is no different for the
effective metric Sab. It is thus natural to proceed by
elaborating the properties of this object. Techni-
cally speaking, it is the so-called open string metric
(OSM), defined as γab = P [G]ab + Fab with P [G]ab
being the pull back of the ambient metric onto the
brane, while γab = S(ab) + A[ab], respectively, hav-
ing separated symmetric, S(ab), and antisymmetric,
A[ab], parts of the inverse of γab.
Since fluctuations see the metric Sab and not the
background metric, Gab, their correlation functions
are determined by the properties of this effective
metric. This has important physical consequences.
While this mechanism occurs rather widely, with the
precise form of the metric in various cases presented
in [50, 53–56], we will content ourselves with the spe-
cific example of the D3D5 system at hand, giving
some important physical expression for the general
case at the end. In this case, the effective metric
takes the simple form [49]
ds2|eff = −u
4 − u4∗
(`u)2
dt2 +
(`u)2
u4 − u4∗
du2 + ds2|trans. ,
(4.6)
suppressing, as indicated, the transverse directions.
This metric has a horizon at u = u∗ of temperature
piT∗ =
[
(piT )4 + E2`−4
]1/4
, (4.7)
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different from background temperature T of the met-
ric (4.1). In particular it can be non-zero even if
T = 0. It follows from the fluctuation action (4.5)
that two-point functions of the brane excitations
will be thermal at temperature T∗. This tempera-
ture, however, has more far-reaching consequences,
namely that fluctuations in the NESS satisfy an ex-
act fluctuation-dissipation relation with respect to
T∗:
Gsym(ω, k) = −(1 + 2n∗)ImGR(ω, k) , (4.8)
where Gsym is the symmetric (‘Keldysh’) Green
function and GR the usual retarded Green function.
The symbol n∗ denotes the Bose-Einstein distribu-
tion function at the effective temperature T∗. Thus,
despite the far-from equilibrium nature of the NESS,
certain observables are exactly thermal with respect
to an effective temperature T∗, determined by the ap-
plied field. Schematically:
equilibrium geometry ↔ thermodynamics
effective geometry ↔ effective thermodynamics .
As an illustration of the power of this relation,
[50] derived an expression of the current noise in the
NESS valid for any value of the applied field,
Sj = −
∫ ∞
−∞
dωdteiωt coth (ω/2T∗) Im〈j(ω)j(−ω)〉R
= 4σ(2+1)T∗ . (4.9)
It should be noted that in the integrand we have used
the fluctuation-dissipation relation to express the
Keldysh correlation function in terms of the imagi-
nary part of the retarded current-current correlation
function, and thus have made crucial use of the prop-
erties of the horizon of the effective metric. Further-
more, [54] determined the distribution of momentum
fluctuations in certain cases, demonstrating explic-
itly that they were thermal at temperature T∗. The
interpretation of the horizon entropy of the OSM ap-
pears to be more subtle. Several authors have pro-
posed to be related to entanglement, e.g. between
Schwinger pairs created from the vaccuum [57], or
between fundamental and adjoint degrees of freedom
[58] or a combination of both. Recently [56] has ar-
gued that there is simply no entropic interpretation
for the open string horizon. The full physical inter-
pretation of the open-string horizon constitutes and
interesting open problem for the future.
The analysis here can be carried out rather gen-
erally for a D(q + 1 + n) brane embedded in the
background created by N Dp (p < 7) branes [54].
This has the interesting property that the temper-
ature of the world-volume horizon is not necessar-
ily higher than that of the background. For exam-
ple a single D2 brane probing a stack of D4 branes
(n = 0, q = 1) has T∗ < T for any E 6= 0. In all cases
a detailed fluctuation dissipation relation of the form
of Eq. (4.8) can be established for the appropriate
T∗.
2. Nonequilibrium heat flow
A different class of steady states involves systems
driven away from equilibrium by a temperature dif-
ferential. One can imagine setting up such a situa-
tion by bringing two CFTs in contact7, each ther-
malized at its own temperature TR 6= TL. One is
then interested in the heat flow, and in particular
whether a steady state with nonvanishing heat cur-
rent can be established in the interface region [60–
65]. This question has a beautifully simple answer in
2D CFT, where relativistic hydrodynamics together
with conformal invariance dictate the energy flow.
Under these conditions a universal form of the heat
current, namely [60]
〈T tx〉s = pic
12
(
T 2L − T 2R
)
, (4.10)
follows from the above-mentioned constraints sub-
ject to the initial conditions. In more than one
spatial dimension conformal symmetry alone is no
longer powerful enough to establish a similar result.
However, under certain assumptions it can be argued
that CFTs with a holographic dual are asymptotic
(in time) to a simple steady state configuration with
similar properties. More precisely [62] argue that a
steady state region forms, with current
〈T txd 〉s ∝
T d+1L − T d+1R
uL + uR
, (4.11)
7 An intriguing alternative scenario arising from coupling to
two heat baths at different temperatures is elaborated in
[59]. Here the boundary metric is non-trivial, sourced by a
time dependent deformation of the Hamiltionian. The sys-
tem neverthless approaches a conformal, self-similar steady
state in the late-time limit.
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where
uL,R =
1
d
√
χ+ d±1
χ+ d∓1
, χ = (TL/TR)
(d+1)/2
.
(4.12)
These higher dimensional results follow from com-
bining conformal relativistic hydrodynamics with
the holographic insight that the only regular solu-
tions with a constant and homogenous stress tensor
are the boosted black branes [62]. In field theory
terms, this means that the NESS region is described
by a boosted density matrix
ρs = e
−β cosh θH+β sinh θPx , (4.13)
where temperature T = β−1 and rapidity θ can be
shown to be given by
T =
√
TLTR , θ =
χ− 1√
(χ+ d)(χ+ d−1)
. (4.14)
In fact, the holographically motivated assumption
that the NESS is described by the boosted density
matrix (4.13) allows one to get control over arbi-
trary connected correlations of the energy current
cn = 〈Jn−1tot T tx|x=0〉cs in the NESS region. This is
achieved by showing that the generating function
F (z) =
∑
zncn/n! satisfies the simple equation
dF (z)
dz
= JE(βL−z, βR+z) , JE = 〈T tx〉s , (4.15)
which allows one to extract the full fluctuation spec-
trum of the strongly coupled NESS in arbitrary di-
mension. This again generalizes a two-dimennsional
CFT result [60] to higher dimensions. We empha-
size again that the crucial step was to appeal to
holographic duality, an in particular to properties of
the bulk Einstein equations to argue for the boosted
form (4.13) of the density matrix in the stead-state
region. The original work was performed on the as-
sumption that the steady state region forms after
the local quench in between to shock waves that em-
anate from the interface, but some later treatments
corrected this picture slightly by replacing the shock
moving towards the hotter reservoir by a rarefaction
wave, as required by entropic considerations [66, 67],
and as had been appreciated in previous hydrody-
namic work [68]. It was found numerically that the
analytic predictions for the NESS region do not get
drastically modified, given that the temperature dif-
ferential between the two reservoirs is not very large,
and given that the rarefaction region does not elimi-
nate the steady state region entirely. The interested
reader can find a more detailed review of the above-
mentioned developments in [69].
It is also interesting to remark that since the pub-
lication of [62], the work [70] has given a general clas-
sification of holographic spacetimes with constant
homogenous stress tensor, extending the range of
candidate NESS beyond boosted black branes. This
opens the exciting possibility to explore the proper-
ties of the steady states associated with these new
solutions, along the lines of [62].
3. Flows over obstacles
Many interesting NESS arise in situations where a
fluid, specifically here a quantum liquid, is forced to
flow in the presence of an obstacle. Familiar, albeit
classical, examples include the flow of air around an
airfoil or the bow of a ship or even the flow of a
gas through a gravitational well, as is often relevant
in astrophysical settings. In this section we review
universal aspects of flows of quantum liquids for the-
ories with holographic duals [71–73]. We imagine the
field theory subject to boundary conditions at spa-
tial infinity, prescribing a simple, homogenous flow
at temperature TL and with flow velocity u
µ
L. This
sets up a non-zero, momentum-carrying, flow, which
is then disturbed by an obstacle, which we place at
some finite position in the downstream region. The
flow will then approach a second asymptotic, homo-
geneous flow far downstream from the obstacle, with
parameters TR and u
µ
R.
The main point of interest is the case of a sta-
tionary flow, which will be simple asymptotically
far from the obstacle, but strongly non-linearly dis-
turbed in its vicinity. The spatial transition between
these two behaviors is universal and elegantly de-
scribed in holography.
A particularly simple picture results for co-
dimension one obstacles, when, as emphasized in
Figure 8, one can view the flow as a kind of spatial
quench [71]. This was analyzed in detail in [72, 73]
and we now summarize the salient features. In anal-
ogy with temporal relaxation in holography, where
as we have mentioned (and shall see explicitly in sub-
sequent sections), universal late-time behavior can
be efficiently accessed via the quasinormal modes
of the system, the NESS of this section approach
the asymptotic spatial equilibria at a rate governed
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FIG. 8. Schematic description of flow-over-obstacle
NESS. Approaching asymptotically to the left and to the
right the flow returns to equilibrium, the precise shape
being dictated by the spatial collective modes defined in
this section. It may be helpful to think of this situation
as a spatial quench, with the x-direction taking on the
roˆle of time. Figure taken from [73].
by a spatial version of quasinormal modes8, termed
‘spatial collective modes’ in [72, 73]. In fact, sim-
ilar modes have been encountered in the context
of plasma absorption [74], as well as holographic
superconductors [75, 76] and hydrodynamic shocks
[77, 78]. This appearance of SCM physics can be
summarized as follows.
1. A system is set up with an asymptotic flow ve-
locity vL far away on the left of a co-dimension
one obstacle.
2. In some region the flow is disturbed by an ob-
stacle.
3. Downstream from the obstacle, the disturbed
flow approaches again a steady homogenous
flow with generically different parameters.
The spatial profile of how the flow connects
the two homogeneous asymptotic flows to the
strongly non-linear region in the vicinity of the
obstacle is described universally by the leading
spatial collective mode (SCM) k∗0, L/R on either
side of the obstacle.
The SCM introduced here are solutions to the lin-
earized bulk equations around backgrounds describ-
ing homogeneous and isotropic flows, in other words
8 Here we are considering stationary systems which depend
non-trivially on space, but it may be helpful to anticipate a
close analogy between what is being developed here and the
temporal relaxation of generic holographic systems via their
quasinormal modes, as described in V below: essentially the
former are related to the latter by exchanging the roˆles of
ω and k.
boosted black branes. The obstacle will excite per-
turbations of energy density, flow velocity field, etc.
(depending on the conserved quantities present in
the setup), e.g. ε(xµ) = ε + δεeikµx
µ
with zero fre-
quency, i.e. kµ = (0,k). These correspond to bulk
modes that are regular at the future horizon, but
which also have the novel feature that they obey reg-
ularity conditions as one or the other spatial asymp-
totic region is approached. Such solutions typically
fall into a discrete set of modes
k = k∗n(v;ω) ∈ C (n ∈ Z) (4.16)
which show up as analytic properties of correlation
functions in the complex momentum plane, where
poles in the UHP define modes that describe the
spatial equilibrium as one asymptotic region is ap-
proached (in the conventions of [72, 73] to the right),
while poles in the LHP give modes that describe
the decay from the obstacle toward the other spa-
tial asymptotic region. The physics of this spatial
relaxation is universal, i.e. it depends on the the-
ory one is interested in, but not on the shape of the
obstacle, and it encodes physically interesting infor-
mation. For example, the spatial decay of the shear
mode obeys the dispersion relation [72]
k = −is/ηv · k+ · · · (4.17)
where v is the asymptotic background flow velocity
that is approached. What is interesting is that a spa-
tial feature of the system, for example the decay to
the right asymptotic region in Fig. 8 is given by the
shear viscosity over entropy density ratio η/s. This
suggests that NESS would be attractive experimen-
tal setups to quantitively determine this quantity
in the lab. Typical scales for graphene at charge
neutrality can be estimated, resulting in values of
∼ 1µm at standard temperature for the parameters
reported by [79].
V. QUANTUM QUENCHES
Probing the coherent dynamics of many-body
quantum systems which were initially in far-from
equilibrium states has become both experimentally
accessible and a theoretically fruitful area of study9.
9 For reviews on this topic the reader may consult, for exam-
ple, [80, 81].
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The simplest way to set up such a state is a quan-
tum quench, which describes a non-adiabatic process
of disturbing a quantum many-body system by an
external force or changing its parameters. Despite
its simplicity, the post-quench evolution yields rich
dynamical behavior. We will review several canon-
ical holographic examples below, focusing on global
quenches. Local quenches also contain a plethora
of interesting physics, as described for example in
[82–90].
A. Thermalization, AdS Dynamics, and
entanglement growth
Thermal equilibrium states in AdS are described
by stationary black branes as discussed earlier in
Sec. II. The study of thermalization therefore maps
to the dynamics of black hole formation and equili-
bration. From general properties of the black hole
formation we can delineate a number of qualitative
phases of non-equilibrium dynamics:
1. A given initial state is disturbed, for exam-
ple by abruptly changing boundary conditions,
producing a far-from-equilibrium initial states.
2. As a result of strong gravitational dynamics,
an (apparent) horizon is formed in the bulk,
or a previously existing horizon is deformed.
From the boundary perspective, the horizon
formation may be interpreted as local equili-
bration, where non-conserved quantities equi-
librate locally, while conserved quantities and
nonlocal correlations have not yet settled into
their equilibrium values.
3. At late times the (new) horizon equilibrates
via quasi normal ring down and eventually set-
tles to the new stationary state. From the
boundary theory perspective, at this stage ex-
pectation values of boundary theory physical
observables (i.e one-point functions) will have
settled into their equilibrium values.
4. Even after one-point functions have reached
equilibrium values, the system could still be
far-from-equilibrium when we probe it using
nonlocal quantum observables such as correla-
tion functions involving widely separated spa-
tial points or the entanglement entropy for
a large region. For a noncompact system,
such equilibration of nonlocal observables es-
sentially persists for ever as one increases the
“size” of a non-local observable to infinity.
For a global quench, where the initial non-
equilibrium state is spatially homogeneous, there is
no energy or momentum flow in its subsequent evo-
lution, and thus naively nothing happens after lo-
cal equilibration. But studies of nonlocal quantum
observables, which were initiated by Calabrese and
Cardy in [91, 92], have revealed striking insights into
quantum dynamics of the system (item 4 above). By
tuning a parameter of a (1 + 1)-dimensional gapped
system to criticality, Calabrese and Cardy found
that [91, 93, 94] the entanglement entropy for a seg-
ment of size 2R grows with time linearly as
∆S(t, R) = 2 t seq, t < R (5.1)
and saturates at the equilibrium value at a sharp
saturation time ts = R. In (5.1), ∆S denotes differ-
ence of the entanglement entropy from that at t = 0
and seq is the equilibrium thermal entropy density.
The simplicity and elegance of (5.1) motivated
many studies in holographic systems, see e.g. [85, 95–
117], especially in higher dimensions.
A particularly simple example of a global quench
is the Vaidya solution, which describes the gravi-
tational collapse of a uniform shell of null matter,
i.e. a thin shell of matter collapsing at the speed
of light. From the boundary perspective, the solu-
tion describes the thermalization process following a
sudden injection of uniform energy density into the
system. In ingoing Eddington coordinates the cor-
responding metric can be written as
ds2 =
L2
z2
(−f(v, z)dv2 − 2dvdz + d~x2) , (5.2)
where v is a null coordinate and f(v, z) is a gen-
eral profile function, which depends on the details of
the quench protocol, described by the mass function
m(v) ,
f(v, z) = 1−m(v)zd . (5.3)
In the limit that the boundary source giving rise
to this metric is applied for an infinitesimally short
time, this function takes the form of a step func-
tion m(v) = M2 [1 + θ(v)]. Another frequently used
protocol is m(v) = M2 [1 + tanh(v/v0)].
From the prescription of computing holographic
entanglement entropy discussed in Sec. II D, in or-
der to calculate the entanglement entropy of a sub-
region Σ in the boundary theory dual to the Vaidya
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geomtry, one needs to find the extremal codimension
two surfaces of the metric (5.2). Denoting the char-
acteristic size of the region as R, one finds that for
R much larger than the local equilibration time `eq
the time evolution of entanglement entropy is char-
acterized by four different scaling regimes [108, 109]:
1. Pre-local-equilibration growth: for t `eq,
∆SΣ(t) =
pi
d− 1EAΣt
2 + · · · (5.4)
where E is the energy density and AΣ is the
area of Σ. This result is independent of the
shape of Σ, the spacetime dimension d.
2. Post-local-equilibration linear growth: for
R  t  `eq, we find a universal linear
growth [107, 108]
∆SΣ(t) = vEseqAΣt+ · · · (5.5)
where vE has dimensions of velocity, often re-
ferred to as the entangling velocity or tsunami
velocity. vE is independent of the shape of Σ,
but does depend on the nature of the final equi-
librium state. For an equilibrium state with no
chemical potential, one finds that
v
(S)
E =
(η − 1) 12 (η−1)
η
1
2η
, η ≡ 2(d− 1)
d
. (5.6)
Turning on a chemical potential tends to re-
duce vE . Note that v
(S)
E = 1 for d = 2 and
monotonically decreases with d.
3. A saturation regime in which the entanglement
entropy saturates at its equilibrium value. The
saturation can be either “continuous” or “dis-
continuous” depending on whether the time
derivative of the entanglement entropy is con-
tinuous at saturation. In the large R limit, the
saturation time tS can be written as
tS =
R
vS
(5.7)
where vS is a constant depending on the shape
of Σ. vS is often referred to as the saturation
velocity. For example, for Σ a spherical region
vS = vB where vB is the so-called butterfly
velocity, while for a parallel strip region vS =
vE .
4. In the R→∞ limit, there exists another scal-
ing regime between the linear growth and sat-
uration, in which the evolution of the entangle-
ment entropy becomes insensitive to the shape
and size of the region.
These results are generic for all holographic systems
in the sense that they are insensitive to the spe-
cific details of the system as well as those of the
quench. The scaling regimes were obtained by iden-
tifying various geometric regimes for the bulk ex-
tremal surface. An important observation was the
existence of a family of “critical extremal surfaces”
which lie behind the horizon and separate extremal
surfaces that reach the boundary from those which
fall into the black hole singularity. In the large size
limit, one finds that the time evolution of entangle-
ment entropy is controlled by these critical extremal
surfaces [108, 109, 113, 117, 118].
Collectively, these regimes suggest that the evo-
lution of entanglement entropy can be captured by
the picture of an entanglement wave propagating in-
ward from the boundary of the entangled region,
which was called an “entanglement tsunami” (see
also [119]). In other words, entanglement propagates
ballistically even in systems without quasiparticles.
Quantum quenches have also been discussed in a
variety of other contexts, see for example [120–124],
which initially numerically observed interesting scal-
ing results, both in the limit of fast but smooth
quenches. In fact, by developing a near-boundary
expansion adapted to the rapid quench problem,
these results can be analytically shown to reflect the
UV conformal fixed point of the dual theory, giv-
ing an excellent match to the numerically observed
behavior. This motivated the authors [121–124] to
establish analogous results purely from a field theory
perspective, in the context of CFTs and free theo-
ries.
More generally whether given initial states will
eventually thermalize and if so, how fast and in
what manner depends both on the nature of the
system of interest (for example, many-body local-
ized vs. ergodic or integrable vs. chaotic) and on
properties of the initial state itself. In holographic
contexts, there are general theorems saying that suf-
ficiently massive and compact objects will collapse
to form a black hole, which imply sufficiently excited
non-equilibrium states generically thermalize. This
is consistent with the standard lore regarding ther-
malization for a non-integrable quantum system. If
instead we focus on initial states which are repre-
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sented by small bulk initial data, the process of even-
tual thermalization becomes more intricate. This
involves crucially the physics and geometry of AdS
and in particular the presence of the timelike bound-
ary which reflects outgoing modes back into the bulk.
In this way small initial disturbances can be non-
linearly amplified by successive reflections and even-
tually lead to the formation of a horizon [125, 126].
This reflects a more intricate path to thermalization
of the field theory, and it is interesting to speculate
what physics of the dual field theory corresponds to
this behavior. The presence of stable regions within
the space of initial data suggests a possible relation
to a quantum many-body version of the classical
KAM theorem, in the sense that not all initial data
immediately become fully ergodic.
B. Dynamics of Superconductors and
Superfluids
An additional ingredient in many condensed mat-
ter systems is an order parameter for a certain sym-
metry breaking pattern. So far, the majority of
studies have focused on breaking a global continuous
symmetry of the dual field theory [127], i.e. the case
of a holographic superfluid, but many other candi-
dates for phases showing interesting order have been
explored, for example spatially modulated phases
[16, 128, 129]. It has long been of interested to inves-
tigate the fate of broken symmetry states dynami-
cally, and in particular for superfluids and supercon-
ductors. We now review work in this direction using
holographic duality.
1. Quenches of holographic superfluids
The order parameter translates, via the holo-
graphic dictionary, into a charged matter field prop-
agating in the bulk space-time, ψ, while the U(1)
current is represented by a Maxwell field, A, as out-
lined in the introductory sections of this review. The
model action, also known as the bottom-up holo-
graphic superfluid [127], is thus given as
S = Sgrav+SMax+
∫
dd+1x
√−g (−|Dψ|2 − V (|ψ|)) ,
(5.8)
where Sgrav and SMax were given in (2.2) and (2.14).
Hence, in order to study the dynamics of a holo-
graphic superconductor, one is led to study the time
development of Einstein’s equations with negative
cosmological constant, sourced by an energy momen-
tum tensor made up from the field strength F as well
as the complex scalar ψ.
2. Rapid Quenches and Dynamics of Symmetry
Breaking
Interesting phenomena arise when systems whose
ground state involves a broken symmetry are dis-
placed far from equilibrium by a sudden quench.
In this case an immediate question of interest con-
cerns the subsequent behavior of the order param-
eter in the long-time limit. By studying the dy-
namics following a coupling quench of the integrable
BCS Hamiltonian (the ‘Richardson model’) [130–
133] identified a regime of persistent oscillations of
the order parameter, followed by a regime of damped
oscillations for stronger quenches. The analysis is
valid in the collisionless regime on time scales shorter
than the energy relaxation scale. In [134] rapid
quenches of superfluids were studied holographi-
cally, capturing the time evolution in its entirety.
The starting point is the action (5.8) for d = 3,
and for the simple potential V (ψ) = m2|ψ|2 with
m2`2 = −2. In order to utilize a characteristic solu-
tion scheme (see Section VI B for more details), the
metric is chosen as
ds2 =
`2
z2
[−Fdt2 − 2dtdz + S2(dx21 + dx22)] , (5.9)
where F (t, z) and S(t, z) are nontrivial metric func-
tions depending on time and the holographic bulk
direction z, while ψ = ψ(t, x), At = At(t, z). Near
the AdS boundary the matter fields have an expan-
sion
ψ = zψ1(t) + z
2ψ2(t)
At = µ(t)− zρ(t) + · · · . (5.10)
Here ψ1(t) denotes the time-dependent source of the
order parameter, while µ is the chemical potential.
Then the expectation value of the charge density
can be found by holographically renormalizing the
asymptotic behavior of the bulk fields resulting in
the expressions
〈Jt(t)〉 = ρ(t)− µ˙(t)
2κ2
〈O(t)〉 = ψ2(t) + ψ˙1(t) + 2iµ(t)ψ1(t)
2κ2
. (5.11)
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We note that the second expression given here cor-
rects a typo in [134].
The order parameter field starts in an equilibrium
state and is then quenched at time zero by applying
a Gaussian profile to the source
ψ1(t) = δ¯e
−(t/τ¯)2 (5.12)
where δ¯ characterizes the strength of the quench, and
τ¯ the time scale. In order to explore the nonequi-
librium phase diagram, δ¯ is varied, while τ is kept
fixed at a scale. Since the system fully thermal-
I II III
FIG. 9. Three regimes, I, II, III, of the nonequilibrium
phase diagram of a holographic superfluid. The location
of the poles of the two-point function in each regime is
shown in the bottom row. On the gravity side these cor-
respond to the quasinormal modes of the complex order
parameter field. Figure taken from [134].
izes at late times, one can characterize each quench
by the final temperature Tf it attains asymptoti-
cally. The resulting dynamics falls into one of three
regimes. Two of them (I & II) lie on either side of
a non-equilibrium phase transition, characterized by
an emergent temperature T∗. This behavior is strik-
ingly similar to the one observed in the Richardson
model [130–133]. In more detail, we have
I Weak quench (Tf < T∗ < Tc): the order pa-
rameter relaxes to a nonzero value with damped
oscillation.
II Intermediate quench (T∗ < Tf < Tc): the order
parameter relaxes to a nonzero value via pure
exponential decay.
III Strong quench (Tf > Tc): the order parameter
relaxes to zero via pure exponential decay.
But in this case the full power of holography allows
to physically characterize this system from a com-
plementary perspective and identifying the physical
mechanism behind the transition. Having identified
the emergent final temperature, Tf , one may de-
compose the dynamics in terms of damped collective
oscillations of the many-body system. These mani-
fest themselves as poles in thermal correlations func-
tions, and are encoded holographically in terms of
the quasi-normal modes of the final-state black hole.
It was demonstrated in [134] that the transition at
T∗ can be seen in the collective excitation spectrum,
as the exchange of dominance of the leading poles
in the two-point correlation function of the order
parameter G(ω,k = 0) = 〈O†(ω)O(−ω)〉. Related
results have been obtained using the ε-expansion in
[135, 136].
This, together with the exchange of dominance of
poles (see Fig. 9), makes the transition from one
phase to the other clear. In fact the on-axis pole
giving rise to this phenomenon is the so-called ampli-
tude or Higgs mode of the superfluid, recently mea-
sured at the SI transition, as reported in [137]. It is
interesting to note that a study of the many-body
dynamics of the relaxation of antiferromagnetic or-
der in the XXZ model yields results in striking re-
semblance to those discussed here [138], with the or-
der parameter undergoing exponentially damped de-
cay or exponentially damped decaying oscillations,
towards its final equilibrium state.
C. Scaling Laws for finite-rate quenches and
holographic turbulence
Above we noted that despite the generally in-
tricate nature of nonequilibrium dynamics, some-
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times scaling results can be obtained, for example
in the limit of very fast quenches [121–123, 139]. In
fact, obtaining scaling laws as a function of quench
parameters is a subject with a venerable history,
and we will now explore this issue for symmetry
breaking quenches. Indeed a paradigmatic nonequi-
librium phenomenon manifests itself if symmetry-
breaking critical points are crossed at a finite rate
τQ [140, 141]. The critical point can be either a ther-
mal phase transition, or a quantum-critical point
[142, 143]. In such situations the symmetry breaking
order parameter will take uncorrelated expectation
values in regions separated more than a certain dis-
tance, and their eventual resolution results in the
creation of topological defects – under the condition
that the vacuum manifold allows them. The num-
ber and distribution of topological defects has been
proposed to follow a scaling relation, the so-called
Kibble-Zurek (KZ) scaling [140, 141], whose form is
determined by equilibrium critical exponents. When
a second-order critical point (or a quantum-critical
point) is approached at the finite rate τQ, the instan-
taneous correlation length ξ(t) and relaxation time
τ(t) evolve as
ξ(t) =
ξ0
|(t)|ν , τ(t) =
τ0
|(t)|zν (5.13)
where (t) = t/τQ parametrizes the distance to the
relevant critical point as a function of time. One
then posits that the system will loose its ability to
adiabatically follow the externally imposed change
at the instant tˆ where the remaining time to cross the
critical point equals the equilibration time scale τQ,
i.e. τ [(tˆ)] = τQ. The system will then be effectively
frozen during the interval (−tˆ, tˆ), where
tˆ ∼ (τ0τzνQ ) 11+zν , with ξˆ ∼ ξ0(τQτ0
) ν
1+zν
.
(5.14)
Since different parts of the system of size ∼ ξˆ are no
longer able to communicate, one expects that the
order parameter will take on uncorrelated values on
patches of size ∼ ξˆ and thus that the density d of
topological defects after the quench through the crit-
ical point will scale approximately as
d ∼ ξˆn−D , (5.15)
where D is the spatial dimension of the system and
n is the spatial dimension of the defect. Following
on from the general scaling theory [140, 141], the
Kibble-Zurek mechanism has been studied in a va-
riety of model systems [144]. The study of dynami-
cal defect formation necessitates a solution of many-
body dynamics far from equilibrium, often hope-
lessly out of reach, but, as we have seen many times
above, a task for which holography is well suited
[76, 145–150]. The study [76] focuses on winding-
number statistics of a superfluid ring (see Figure 10),
while [150] investigate vortex formation in a 2D su-
perfluid. These works were able to confirm the valid-
ity of the predicted scaling laws, establishing the ap-
plicability of the KZ scaling law for strongly coupled
systems without quasiparticles. However, [76, 150]
were also able to extract accurate values for the pre-
factor, which under certain conditions can deviate
significantly from the KZ prediction [150].
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FIG. 5. Universal scaling laws for the lag time and the dispersion of winding number.
Panel a: Be t fit to winding number scaling gives excellent agreement with values predicted by
KZM. Shown is a fit to  (W ), which gives  (W ) = a⌧ bQ, with a = 2.34±0.25 and b =  0.126±0.02,
which should be compared to the prediction  0⌧
 1/8
Q , where equilibrium estimates for  0 give the
value 3.99. The error bars in panel a were computed as the standard deviation of the mean for
each ⌧Q in our dataset for winding numbers. The error bars in panel b give a single standard
deviation from the mean for each ⌧Q in the dataset. We see that the dispersion in winding number
saturates for rapid quenches. These deviations are accompanied by a deviation from the naive
scaling prediction of tˆ at the onset of saturation for  (W ) (see also panel c and its description
below). Panel b: Best fit to scaling of the lag time tL. Inset shows the condensate as a function
of t/tˆ for the three cases of Fig. 4. Panel c: Order parameter O(t) averaged over the ring as a
function of time, given in units of tˆ. This last quantity is computed from the near-equilibrium
critical behavior of our system. We show four di↵erent values of the quench time, ⌧Q = 10 in black,
⌧Q = 35 in red, ⌧Q = 120 in blue, and finally ⌧Q = 300 in green. The scaling collapse for lag time
becomes more and more accurate for slower quenches, in accordance with the results in panels a
& b, showing more significant deviations for fasts quenches.
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FIG. 2. Winding up a superconductor following a temperature quench. Example con-
densation process with ⌧Q = 12 leading to a W = 3 configuration, shown in three stages. We
choose a gauge that makes the final phase of the order parameter linear ⇥( ) = W . The top row
(panels a, b, c) shows the field-theory condensation process; the local magnitude of the condensate
is represented as the radius of the torus, while the local phase is encoded as the color, ranging from
[0 : red] to [2⇡ : blue]. The middle row (panels d, e, f) shows the magnitude | |2 of the bulk field
dual to the order parameter O while the last row (panels g, h, i) shows the magnetic field B in
the bulk. The bulk magnetic fields disappear at late times and the winding around the boundary
circle is accompanied by winding number around the horizon of equal magnitude.
equality. One obtains the correlation function from the susceptibility  (!, k) by a Fourier
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FIG. 10. KZ scaling law of the winding number of the
condensate of a 1+1 dimensional superfluid on a ring as
a function of the quench rate τQ. A KZ scaling regime
can be observed for large values of τQ preceded by a
plateau region. The inset shows a snapshot of the phase
gradient (Θ) and magnitude (thickness as a function of
angle around the ring) of the condensate for an exam-
ple quench. Figures taken from [76]. A similar scaling
preceded by a plateau region was observed in [150] for
vortex statistics in a 2+1 superfluid. Figures taken from
[76].
We have argued that holographic dua ity allows
us to extract a simple intuitive picture of th com-
plicated many-body dynamics, by thinking about
the quasi-normal and spatial-co formal modes of the
system. Whenever the deviations of the order pa-
rameter from its equilibrium value (at the insta ta-
neous value of (t)) are small, we can investigate the
system using bulk linear equations. The response is
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then governed by the leading poles in the complex
frequency plane. When the frozen system enters the
parameter regime where the broken symmetry is fa-
vored, one finds an exponential growth regime gov-
erned by the time-scale [150] [Im(ω0)]
−1 > 0 of the
leading unstable quasinormal mode ω0(, k), com-
puted about the supercooled un-condensed state.
This leads to the exponentially growing contribu-
tion,
C(t, q) = ζ
∫ t
tˆ
dt′|H(q)|2e2
∫ t
t′′ Imw0((t
′′),q)dt′′ ,
(5.16)
to the Fourier transform of the correlation function
C(t, r) := 〈ψ∗(t,x + r), ψ∗(t,x)〉, where H(q) is a
slowly varying function of momentum whose details
we will not need, and ζ parametrizes the typical am-
plitude of the noise correlation in the system. Trans-
lated into real space, the leading quasinormal mode
analysis predicts
C(t, r) = ˜(t)ea2 t¯
1+zν
e
− r2
`co(t)2 (5.17)
in terms of the reduced time t¯ := t/tˆ, and where
`co ∼ t¯ 1+(z−2)ν2 is the time-dependent coarsening
length. The O(1) parameter a2 is not universal, but
the results below do not depend on its precise form.
This result has interesting consequences, namely it
predicts that the system may undergo a paramet-
rically large amount of coarsening already before a
well-defined condensate forms. Let us denote this
latter time-scale as teq. A large amount of early
coarsening happens whenever the the timescales tˆ
and teq are parametrically different, which con-
cretely means that the parameter
R 1 with R ∼ ζ−1τ
(d−z)ν−2β
1+νz
Q , (5.18)
where β is the condensate critical exponent, |ψ|2 ∼
2β near the phase transition. Holographic systems
have ζ ∼ 1N2 and thus fall into the class of theories
that are expected to undergo a parametrically large
amount of coarsening before teq. This was numer-
ically confirmed in [150]. A general lesson emerg-
ing from these explicit holographic results on finite-
rate quenches is the good agreement with the scal-
ing form (5.15) predicted by KZ, even in the strongly
coupled regime, whereas the numerical prefactor fol-
lowing from general KZ arguments (see [144] for a
discussion) clearly has to be taken with a grain of
salt, as illustrated by the detailed comparison in [76]
and [150].
Yet another nonequilibrium paradigm crucially in-
volving inhomogeneous configurations of the field
theory is the topic of turbulence. Holography fur-
nishes us with a formalism whose hydrodynamic
limit is well understood, while at the same time com-
prising a fully UV complete description of physics on
all lenghth-scales. This allows one to capture tur-
bulent effects beyond hydrodynamics within a well-
defined framework amenable to numerical and ana-
lytical analysis. Such a study was undertaken in [14]
for ordinary fluids and [151] for superfluids. Having
commented on ordinary turbulence previously, we
concern ourselves here with the superfluid case.
For field theories with broken symmetries it is
more natural for vorticity to be carried by quan-
tum vortices of the superfluid, which extend as vor-
tex lines into the holographic bulk. Such a system
is described by the theory (5.8), although the con-
crete studies of [151] and [152] were performed in the
probe limit. Interestingly the superfluid dual to a
bulk black hole with scalar condensate shows turbu-
lent k−5/3 Kolmogorov scaling with a direct energy
cascade, which has a beautiful holographic interpre-
tation: energy is transferred from long wavelengths
to short wavelengths until they reach the size of a
typical vortex core. Since this field-theory vortex ex-
tends as a vortex line into the bulk, where it punches
a whole through the condensate shielding the hori-
zon, this mode can now efficiently dissipate into the
horizon through the vortex tube. This explanation
of the direct cascade via dissipation at the vortex
scale into the horizon was verified in [151], by mea-
suring locally the energy flux through the horizon.
VI. NUMERICAL TECHNIQUES FOR
ADS/CMT AWAY FROM EQUILIBRIUM
In the semi-classical large-N limit, the task of
studying the exact time dependent physics of a quan-
tum field theory is translated into the task of solving
a set of Einstein-matter equations (5.8) from a given
initial configuration, subject to suitable boundary
conditions. GR, as the name suggests is a gener-
ally covariant theory, and it is non-trivial to un-
derstand how it gives rise to a system of equations
that propagate given initial configurations forward
in time. This is, however, necessary, not least from
the point of view of numerically solving the Einstein
equations. Given the rich and complicated gauge
structure of the theory, it is no surprise that there
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are different schemes for doing so, several of which
have found successful application in the past years.
Here we review two different classes of schemes
which have been successfully employed in the con-
text of AdS/CMT, namely
1. the characteristic method, which propagates
data given on a lightlike slice.
2. the (generalized) harmonic scheme, which
propagates initial data given on a spacelike
slice.
While the latter has seen widespread application in
asymptotically flat gravity, notably in the first sta-
ble evolution of the inspiral problem [153], the for-
mer has seen much success in the context of non
equilibrium holography, i.e. largely in AdS space.
While giving rise to very efficient solution methods,
choosing to evolve along characteristics comes with
a price: in the presence of focussing these charac-
teristics can converge, eventually forming what are
known as caustics. In such cases the characteristic
‘time’ variable is no longer single valued, leading to
a breakdown of the method. Despite this limitation
the approach has proved very fruitful in nonequilbir-
ium AdS simulations, since in the cases of physical
interest no such caustics have formed outside of ap-
parent horizons, and therefore can be excised from
the computational domain. This is essentially the
case because physically interesting situations, from
the AdS/CMT point of view, almost always involve
so-called ‘large’ black holes, with an in-fall time that
is short on the typical time-scales of the evolution.
Caustics are thus almost guaranteed to form only
behind any horizons.
Another major advantage of the characteristic
scheme over the Cauchy scheme is the ease with
which the singularity can be excised. Excision can
be achieved by letting the numerical grid end some-
where just inside the horizon, essentially by stopping
the radial integration. This is equivalent to specify-
ing free boundary conditions at a regular point be-
hind the horizon, which at the same time ensures
regularity at the horizon, and does not lead to any
artificial boundary effects on the exterior region due
to causality.
The main technical difficulty in achieving a well-
posed evolution of the Einstein equations (plus suit-
able matter) stems from the diffeomorphism invari-
ance of the theory. A pedagogical introduction is
given in the books [154, 155]. The general ideas
behind defining a well-posed evolution for a the-
ory with a local gauge (coordinate) redundancy
can be illustrated more easily using the example of
Maxwell’s equations that enjoy a much more sim-
ple gauge invariance as compared to GR. Further-
more this simple example illustrates the main issues
present in the more complicated gravitational case.
We therefore describe in the following the two ma-
jor choices of evolution schemes, on the example of
Maxwell’s equations. This is also a useful excercise,
as it is an essential ingredient in the study of a holo-
graphic superfluid in the probe limit, and has been
used in the recent studies [76, 150, 151]. After giving
an account of the conceptual issues using the exam-
ple of evolving Maxwell equations (with sources) on
asymptotically AdS spacetimes, we will outline the
corresponding evolution problems for Einstein grav-
ity.
A. The Cauchy Scheme
The most adaptable approach is given by Cauchy-
like evolution, particularly when one deals with the
gravitational case. The reason is simple: the global
choice of coordinates employed in the characteris-
tic scheme10 may become degenerate as evolution
proceeds. The evolution may lead to caustics, i.e.
loci where several null rays intersect, and at such
points characteristic evolution is ill-defined. After
these general remarks, let us now start by explaining
Cauchy evolution schemes starting with the example
of Maxwell theory. The evolution equations are sec-
ond order partial differential equations. One there-
fore expects that initial data should correspond to a
set of functions at the initial time, as well as their
first derivatives. We shall see that this expectation
is correct, up to an important detail, namely that
the initial data themselves are not completely free,
but rather must satisfy certain constraints.
Let us write the metric of the asymptotically
AdSd+1 spacetime in the (‘Schwarzschild-like’) form
ds2 =
`2
z2
(
dz2
f(z)
− f(z)dt2 +
∑
i
dxidxi
)
, (6.1)
10 One is of course free, in principle, to allow for the freedom to
dynamically adapt the gauge also within the class of choices
suitable for characteristic evolution, and this may indeed be
interesting to pursue. However, as of writing of this review,
this has not been explored in numerical holography.
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where f(z) = 1−(z/zh)d. Initial data is specified on
a constant time surface Σ0 at t−t0 = 0 with timelike
unit normal na =
√−gttδat. Maxwell’s equations
with a source then take the form
Eb = ∇aF ab − jb = 0 , (6.2)
although for simplicity we will for now on use the
source-free equations jb = 0. Adding back the
sources is straightforward. At this point it is con-
venient to introduce the notation
{
xA
}
=
{
z, xi
}
for the coordinates on the spacelike Σ0. If the equa-
tions in the present decomposition are to propagate
the degrees of freedom contained in Aa, we immedi-
ately run into a problem: the component equation
along the unit normal naEa does not contain second
time derivatives, while all other orthogonal compo-
nents do have second time derivatives. This means
that we only have d dynamical equations for d + 1
evolution variables. As is well known this is not a
fundamental problem, but merely a complication in
the formulation of the evolution equations due to
gauge invariance.
In fact, as we shall see now, the time-like compo-
nent of Maxwell’s equation naEa gives precisely the
constraint equation on Σ0, which must be satisfied
by admissible initial data. This constraint equation
is nothing but the differential form of the Gauss Law
on Σ0:
∇i
(∇iAt −∇tAi) = 0 ⇔ D ·E = 0 ,
(6.3)
where D is the covariant derivative on Σ0 and E
is the electric field, whose components are defined
by the round brackets in the equation above. We
remark in passing that the magnetic constraint D ·
B = 0 is satisfied identically. Since we have already
stated that the problem of the timelike component is
related to gauge invariance, it is not surprising that
one way to proceed from here is to pick a specific
gauge. In the case at hand a standard choice is the
covariant Lorenz gauge
∇bAb = 0 , (6.4)
but more general gauge conditions where the right
hand side is an arbitrary source function,
C := ∇aAa − Φ(Ab) = 0 , (6.5)
are possible. The analogous choice in the case of the
Einstein equations is at the heart of the (general-
ized) harmonic scheme. An example of the scheme
(6.5) has been implemented in the works of [18, 156],
who numerically solved the Einstein-Maxwell system
using the so-called DeTurck approach. Let us first
choose the standard Lorenz gauge, Φ = 0. With this
choice we can formulate a well-posed initial value
problem as follows: start with the Maxwell equa-
tions, (6.2), written as
∇2Aa = RabAb +∇b∇aAa , (6.6)
where the last term vanishes in Lorentz gauge. The
curvature term on the right hand side is present in
our chosen aAdS background. It is equations of this
form which can be shown to have well-posed ini-
tial value formulations on globally hyperbolic back-
ground spaces (see e.g. [155]). Of course, AdS is not
globally hyperbolic, so one needs to specify in addi-
tion suitable boundary conditions. We shall return
to this issue below.
For the case at hand one specifies initial data
(Ab, ∂tAb) on Σ0, subject to the initial value con-
straint D · E = 0. By a gauge transformation we
may bring this initial data into the Lorenz gauge.
Alternatively one can specify initial data only for the
‘physical components’, (AB , ∂tAB), and then deter-
mine the remaining components from the others, via
the gauge condition. The evolution equations in hy-
perbolic form can be used to time-evolve the initial
data – again subject to suitable boundary conditions
in the case of AdS. One can show that the solution
stays in the Lorenz gauge, if and only if the initial
data satisfies the gauge condition on Σ0, and that
∂t
(∇bAb)∣∣Σ0 = 0. The latter condition is equiva-
lent to the initial value constraint 0 = ∇aFa0, as
can be seen from (6.6).
It is instructive to count how many degrees of
freedom (per spatial point) are actually propagated
in this way. Naively we have d + 1 Klein-Gordon-
type equations, but the initial data constraint im-
mediately eliminates one degree of freedom reduc-
ing the total to d. The gauge invariance introduces
another free function, the gauge parameter, remov-
ing one further degree of freedom, so that in effect
the Maxwell equations propagate d − 1 degrees of
freedom.
Let us now allow for a general source Φ, assumed,
for the time being11, to be a specified function. A
11 Later in section VI A 2 we shall allow such sources to obey
their own dynamical equations.
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convenient trick in order to proceed is to add a term
∇aC to Maxwell’s equations to obtain
∇bF ba +∇aC = 0 . (6.7)
This evidently reduces to Maxwell’s equations when
the gauge condition is satisfied, C = 0. By similar
manipulations as above, one sees that the principal
part of (6.7) is ∇2Aa, i.e. all components of Aa
satisfy hyperbolic equations, as desired. One can
now show that C = 0 everywhere, if C vanishes on
Σ0 and ∂tC
∣∣
Σ0
= 0. The latter condition is, again,
equivalent to the initial data constraint. In other
words, the initial value problem is well posed, given
that the initial data satisfy the constraint, and that
the gauge function C vanishes on Σ0.
In AdS, however, we still need to consider the
issue of suitable conditions at the timelike bound-
ary. In general the precise form of the asymptotic
boundary condition depends on the dimension of the
spacetime, and on the requirements of the physical
problem under study12, so here we will be schematic.
Suppose a function, for example one of the compo-
nents of Aa or a component of some other matter
field, has asymptotic behavior (c.f. (2.7))
φ(z, . . .) = φ0 + φ1z + φ2z
2 + · · · , (6.8)
which for simplicity we assume to proceed in inte-
ger powers. These asymptotics encode source and
expectation value behavior as described in Section
II, so that the field-theory source corresponds to a
term a(xµ)zα1 = φ0(x
µ) in the expansion above.
Then our goal typically is to set the first few terms
(those which depend on the data a(xµ) alone) in
this series to zero, so that the leading-order bound-
ary behavior is given by the ‘vev’ term φα2(x
µ)zα2 .
This can be achieved by defining a rescaled func-
tion φ¯ = φzα1−1 and imposing a homogeneous
Dirichlet boundary condition on the rescaled field
φ¯(z = 0) = 0. In AdS/CFT terms, such a bound-
ary condition is equivalent to demanding that the
source of the dual operator vanish, while its expec-
tation value will be determined by the dynamics. A
similar approach, with rescaling by appropriate pow-
ers, would impose inhomogeneous Dirichlet bound-
ary conditions to specify a non-trivial source func-
tion, φα1(x
µ) ≡ a(xµ), if so desired. It is essential
12 For example, one may choose to have all sources turned
off, or one may want to specify a given profile for a certain
source, as described in Section II.
to ensure that the gauge function Φ(Ab) is chosen
in such a way as not to interfere with the prescribed
boundary behavior. While this is solved on a case
by case basis in the exisiting literature, to the best
of our knowledge, no systematic study of this issue
has been undertaken. It would be useful to inves-
tigate this important issue further, in particular for
the case of gravitational dynamics to be addressed
below.
Boundary conditions in the interior are usually
determined by regularity conditions on fields at the
various degenerate points of the background, such
as horizons, or axes of symmetry. The position of a
horizon can straightforwardly be inferred from the
form of the background metric in the present case.
This issue is more subtle in the full gravitational
problem, and described in detail in the literature,
for example in [157].
1. Summary
Thus the Cauchy method proceeds as follows:
1. At the initial surface Σ0, i.e. at t = t0 one sets
up initial data consisting of the fields Aa and
their derivatives ∂tAa, subject to the initial
data constraint D ·E = 0, D ·B = 0.
2. By a gauge transformation on Σ0 one brings
the initial data into the desired form, (6.5).
As explained above, the form of the evolu-
tion equations now guarantees that the solu-
tion remains in the chosen gauge for all time,
given that the initial data satisfy the con-
straint equation.
3. The Maxwell Equations in this gauge form a
set of hyperbolic differential equations, which
can be stepped forward in time using any fi-
nite difference approximation, such as fixed-
order Runge-Kutta, for example, making sure
that appropriate boundary and regularity con-
ditions are imposed at each step (see for exam-
ple [158, 159]).
We thus have constructed a second-order evolution
scheme along a timelike direction t, starting from
constrained initial data. We now explain how an
analogous scheme can be formulated for the Einstein
Equations in AdS, again starting from constrained
initial data.
28
2. The Cauchy Method for AdS Gravity
We are now interested in solving Einstein’s Equa-
tions
0 = Eab := Gab + Λgab − Tab (6.9)
in asymptotically AdS spacetimes. A Cauchy
scheme for AdS gravity was numerically imple-
mented in [157], based on the seminal work of [153]
and we largely follow their treatment here. The au-
thors of [160] also present a Cauchy-like scheme for
dynamics in AdS, and use it to study Bjorken flow in
the strongly coupled field theory. Strictly speaking,
the name Cauchy scheme is a misnomer, since AdS
has no Cauchy surface due to its time-like boundary.
One has instead an initial-boundary value problem.
The method we describe here most closely resem-
bles Cauchy schemes in flat space, and so we fol-
low the naming convention of [157]. We recommend
the treatment in [155] (Chapter 10) as a pedagogi-
cal introduction to the Cauchy problem in General
Relativity.
The idea is to choose an initial time surface Σ0
– roughly speaking a generalization of the notion of
the t = t0 hypersurface above – and specify initial
data for the Einstein Equations, in the same sense as
was done above for Maxwell. Let us denote the time-
like normal to this surface na. The natural object to
consider as initial data is then the functional form
of the metric at the initial time. That is to say, one
specifies a Riemannian metric hAB and its deriva-
tive away from Σ0, ∂thAB , which in fact is nothing
but the extrinsic curvature KAB of Σ0. In the full,
evolved, spacetime with metric gab, the Riemannian
metric on Σ0 will be thought of as the induced metric
hAB = gAB + nAnB . Evidently this data leaves the
remaining d + 1 components of the metric undeter-
mined. Luckily these are balanced by the d+ 1 free
functions to specify coordinates (diffeomorphisms),
suggesting again that the apparent problem lies in
the gauge freedom of the equations. Moreover, the
components naEab of Einstein’s Equations do not
contain any second time derivatives and thus do not
serve to propagate any physical degrees of freedom.
Instead they give rise to constraints on initial data.
Since, compared to the Maxwell case above, there
is a further free index in the projection naEab, there
are now two kinds of constraints: one along na and d
perpendicular to it. The former is called the Hamil-
tonian constraint, while the latter are often called
the momentum constraints. With the help of the
Gauss-Codacci relations these can be expressed as
(d)R+K2 −KabKab − 2Λ = ρE , (6.10)
for the Hamiltonian constraint and
DbK
ba − habDbK = ja , (6.11)
for the momentum constraints. The right-hand
sides, ρE = Tabn
anb and ja = −Tbcnbhac, vanish
for pure gravity, and otherwise take on the corre-
sponding values appropriate for sources of energy-
momentum that make up Tab, projected on Σ0.
Since, again, the source of the complications is
diffemorphism invariance, one should construct evo-
lution equations in a suitable gauge, the analog of
the Lorenz gauge procedure described above. This
is exactly what is achieved in the (generalized) har-
monic scheme.
This scheme renders the Einstein Equations hy-
perbolic in the following way. One chooses coor-
dinates xa, satisfying the wave equation with some
specific source,
Ca := Ha −∇2xa = 0 , (6.12)
where Ha can either be a known function, in which
case the original harmonic scheme [161] is included
as the special case Ha = 0, or we specify separate
evolution equations for the sources. Schematically
La [Ha] = 0 [no summation] . (6.13)
To see how this renders the Einstein Equations hy-
perbolic, we use the same trick as in Eq. (6.7) above.
That is we start with the fundamental equations (for
the sake of convenience, the trace-removed Einstein
Equations, Rab = T¯ab), and subtract a constraint
term
Rab −∇(aCb) − T¯ab = 0 . (6.14)
Evidently, when the coordinates satisfy the gauge
condition Ca = 0, this is equivalent to the Einstein
Equations. The presence of the ∇(aCb) term serves
to subtract an unwanted ∇(a∇2xb) term from the
Ricci tensor, so that the principle part of the equa-
tions becomes
P
[
Rab −∇(aCb)
]
= −1
2
gabgcd,ab , (6.15)
showing that we have a hyperbolic system, of the
type that admits a well-posed initial value problem,
amenable to numerical solution techniques.
29
The art of such schemes consists in choosing an
appropriate set of source functions, or more gener-
ally evolution equation for Ha to achieve stable nu-
merical evolution [153, 162]. Typically this is done
in such as way as to choose evolution equations for
the constraints which ensure hat any potential grow-
ing modes which would violate the constraints are
instead damped [163]. However, this could poten-
tially be subtle in empty AdS space, where small
constraint violating modes can be amplified by suc-
cessive reflections off the timelike boundary.
Appropriate boundary conditions are specified, as
we saw above, by rescaling the evolution variables to
eliminate unwanted asymptotic components via the
imposition of Dirichlet conditions at the boundary.
Internal boundary conditions follow from regularity.
A detailed description of boundary conditions for
evolution of AdS5 gravity are given in [157] and may
be used as a guide for other dimensional setups as
well. The mathematically rigorous state of the art
concerning well posedness of AdS evolution can be
found, for example in [164–166].
B. The Characteristic Scheme
⌃0
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FIG. 11. Characteristic (double-null) vs. Cauchy for-
mulation of the wave equation in Minkowski space. The
gray area is determined by data given on the null cone
C = C− ∪ C+. Data on the timeslice Σ0 determine the
solution on the entire triangular region whose base is Σ0.
However, one can see that the gray area only depends on
purely ingoing data g(χ−) on one half of the Cauchy slice
Σ0 and purely outgoing data f(χ
+) on the other half, in
other words on exactly half the amount of data specified
on Σ0. This cutting in half of the necessary data is al-
ready a sign of the improved efficiency of characteristic
methods (so long as one is in fact only interested in the
region inside the development of C = C− ∪ C+).
1. Intuition from the wave equation
In this approach we use an ingoing null direction
as the evolution variable. Furthermore, and in dis-
tinction to the Cauchy scheme of section VI A, we
fix the gauge explicitly. In gravity (see below), this
means that we chose a global set of coordinates for
the entire evolution. Consequently this character-
istic scheme is less adaptable than the generalized
harmonic scheme, and in particular breaks down for
spacetimes which contain caustics, an issue which we
will return to below. For the time being we mention
that these disadvantages are very often compensated
by improvements in performance and stability [158].
We first describe the ideas somewhat schemati-
cally before going on to fill in the details and explicit
equations. Let us start with a simple analogy, the
wave equation in 1 + 1 flat space,
∂2t φ = ∂
2
xφ . (6.16)
This equation has the general solution
φ(t, x) = f(t− x) + g(t+ x) , (6.17)
where f and g are arbitrary functions. The for-
mer describes an arbitrary right-moving or ‘in-going’
wave, while the latter describes a general left-moving
or ’out-going’ wave. The curves χ∓(t, x) = t∓ x are
known as in/out-going characteristics. In fact the
wave operator factorizes along these characteristics
into
∂2x − ∂2t = (∂t + ∂x)(∂t − ∂x) (6.18)
and each of f, g satisfies a first-order equation. One
can convince oneself that the full solution of the wave
equation on a causal diamond in Minkowski space-
time can be constructed by combining a left-moving
solution f(χ+) and a right-moving solution g(χ−)
in the way shown in Fig. 11, so that effectively one
only ever solves first-order equations in χ±, respec-
tively. It is thus possible to construct an efficient
scheme taking advantage of the factorization of the
wave operator along characteristics, which is also at
the core of the characteristic approach on AdS. Since
AdS has a timelike boundary it actually turns out to
be more convenient to work in terms of a single null
coordinate, u, instead of the double-null formulation
in terms of χ± we just outlined.
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2. Characteristic method for Maxwell in AdS
Let us now proceed to a more detailed description
of the characteristic scheme in AdS using ingoing
Eddington coordinates. Characteristics of Eq. (6.1)
are given by
u =
∫
f−1dz − t , v =
∫
f−1dz + t . (6.19)
Since we are interested in characteristic evolution,
we rewrite the metric in terms of u, the so-called
ingoing Eddington-Finkelstein form
ds2 =
`2
z2
−f(z)du2 − 2dudz + d−1∑
i,j=1
qijdx
idxj
 .
(6.20)
Poincare´ AdS is the special case zh →∞ and qij can
parametrize the metric on a d−1 sphere or d−1 flat
space and qikq
kj = δi
j . For a finite value of zh this
background describes a black brane. This spacetime
has a conformal boundary B at z → 0 with unit
normal nα =
δzα
z
√
f
. For simplicity we will from now
on set ` = 1 by a choice of units. We define an
initial null surface N|u=u0 := N0 via the coordinate
condition u = u0. We have the normal kα = Kδαu
with arbitrary prefactor. This surface is spanned
by the null rays xi and the coordinate z varying
along the null rays. By convention we give the set of
coordinates
{
u, xi
}
the label {xµ}, while the total
coordinate, including the radial z direction is labeled
Xa. We are interested in the Maxwell equations
(6.2), where j includes the sources in the theory, such
as the charged scalar in Eq. (5.8). For the purpose of
the present analysis we need not concern ourselves
with their own dynamics, as all the subtleties and
techniques we want to illustrate reside in the gauge
sector.
In order to have a well-posed problem it is neces-
sary to choose a gauge. We will pick the axial gauge
Az = 0 , (6.21)
which, as we shall see, is both convenient from
a holographic perspective and well suited for the
characteristic evolution scheme. There is still some
residual gauge freedom, as a gauge transformation
whose parameter does not depend on z preserves Eq.
(6.21). That is, we may still make a transformation
Aµ → Aµ + ∂µλ(x) . (6.22)
We will fix this residual gauge freedom by giving a
condition on a single z slice.
The equations then decompose as follows. Firstly
we have the scalar auxiliary equation
Ez = 0 , (6.23)
which will impose a condition on a given z slice. One
can show that the auxiliary equation is satisfied iff
it is satisfied at a single z slice, and the evolution
equations for the other components are satisfied. It
is convenient to choose the boundary slice to impose
Eq. (6.23), where it will be identically satisfied if
the fields have regular behavior at z = 0. Secondly
⌃0
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FIG. 12. Characteristic vs. Cauchy formulation of the
wave equation in Anti de Sitter space. The gray area
is fully determined by data given on the null slice N0,
as well as the boundary conditions at B. Data on the
timeslice Σ0, together with boundary conditions at B
determine the entire causal future of Σ0, but it is easy
to see that that the gray area only depends on the purely
outgoing data on the Cauchy slice Σ0.
we have the main equations
Eµ = 0 , (6.24)
which in turn decompose into a scalar hypersurface
equation on N0, namely Eu = 0,
Dzz (Au) = Hu
[
Ai , D
(n)
i Aj
]
,
(6.25)
where Dzz is a second order differential operator
whose details depend on the dimension d as does the
precise structure of Hu. We also have the remaining
vector evolution equations, E i = 0,
Dz∂uAi = Hi
[
Au, Au,z, Ai , D
(n)
i Aj
]
, (6.26)
31
where Dz is a first-order differential operator whose
details depend on the dimension d, as does Hi. In
d = 3, i.e. for AdS4, it is simply ∂z. From Eqs.
(6.26) we can determine the first u−derivatives of
Ai away from N0 and therefore the evolution of the
system. An extremely useful aspect of the character-
istic scheme is the nested structure of the equations,
which we now explain on the Maxwell example.
We note that Hu in equation (6.25) only depends
on the components Ai and their derivatives in the
hypersurface direction D
(n)
j Ai. Similarly Eqs (6.26)
depend on the aforementioned quantities, as well as
quantities like Au,z which are determined by Eq.
(6.25). That is, after solving Eq. (6.25), Eqs (6.26)
can be evaluated from the knowledge of the func-
tions Ai solely on N0 by integration along z. Once
Au has been determined, it can be substituted into
Hi in Eq. (6.26) which determine the time deriva-
tives of Ai by integrating Hi along z. Given this
knowledge we can use a finite difference approxima-
tion to progress to the next null surface N|u0+δu
and so on. This convenient nested evolution struc-
ture is a general feature of characteristic schemes,
and appears again in the characteristic formulation
of Einstein’s equations [158, 167]. The reader may
wonder why this scheme seems to make do with less
initial data than the generalized harmonic scheme,
where we need to specific a function and its deriva-
tive for each degree of freedom. This is related to
the fact, illustrated in Figs. 11 and 12, that half the
initial data specified on a Cauchy surface Σ0 does
not influence the region, which is fully determined
in the characteristic scheme and shaded in gray in
both figures.
This structure, together with the convenient
global choice of gauge makes such schemes are very
efficient, as compared to the generalized harmonic
evolution. On the other hand, the latter is more
adaptable as it allows to adjust the gauge choice dy-
namically during evolution, which for certain kinds
of problems may even become a necessity.
Finally, returning to the issue of boundary con-
ditions, we note that each integration of Eq. (6.26)
along a z-slice leaves the freedom to add an arbitrary
function of
{
u, xi
}
. This allows us to set boundary
conditions for the fields. Let us now investigate the
structure of the equations in more detail to explic-
itly see how this works. We start by focusing on
the auxiliary equation. Considering the covariant
derivative 0 = ∇aEa, current conservation, and im-
posing Eµ = 0, implies the relation
z∂zEz = (d+ 1)Ez . (6.27)
Thus, if Ez = 0 on some z-slice, it is zero throughout
as claimed above. Writing out Ez explicitly in the
background (6.20), one obtains
Ez = z
4
`4
(
∂uFzu + ∂iq
ij (fFjz − Fju)
)− jz . (6.28)
We see that if fields are regular, meaning the term
in parentheses grows at most as z−2 as z → 0, and
if the current vanishes as O(z2) in the same limit,
the condition ∂zEz = 0 is met identically at z = 0.
The former condition is manifestly obeyed, while the
implied decay condition on the sources making up
jz can be phrased in field-theory terms by saying
that the operator dual to the matter sources must
be marginal or relevant in the field theory (recall our
discussion in section II).
We conclude this section with a summary of
the characteristic evolution scheme for electromag-
netism, before turning to the gravity case.
3. Summary
As described above, the characteristic method
proceeds as follows:
1. At the initial surface u = u0 one sets up arbi-
trary initial data for the dynamical fields Ai.
By a choice of gauge we arrange for Az = 0.
2. Using the hypersurface equation one deter-
mines Au on the initial data surface by ra-
dial integration. The function h(x) is used to
fix the remaining gauge freedom, while g(x) is
used to prescribe boundary data for Au.
3. Using the null evolution equations the time
derivatives Ai,u are determined from the data
of Ai and Au on the initial surface via radial
integration. The functions gi(x) are used to
prescribe boundary data for Ai.
4. The fields Ai are propagated to the next sur-
face u = u0+δu using a suitable time evolution
scheme, such as Runge-Kutta finite difference
integration.
5. The procedure is repeated at the u0 + δu sur-
face and so on.
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We thus have constructed an evolution scheme along
null characteristics with a boundary value con-
straint, but no constraints on initial data Ai
∣∣
u=u0
.
4. The Characteristic Method for AdS Gravity
We now apply a characteristic evolution scheme to
Einstein’s Equations (6.9). We emphasize concep-
tual points and in particular build on the analogy
with the Maxwell case we treated above. A more
detailed technical treatment can be found in [158],
which we follow closely. As mentioned above, the
characteristic method for gravity evolution takes the
approach of making a global choice of the coordinate
system (gauge fixing). The metric takes the form
ds2 =
`2
z2
[gµν(x, z)dx
µdxν + 2wµ(x)dx
µdz] .
(6.29)
Just as the choice of radial gauge in the Maxwell
example, this choice of metric leaves some resid-
ual gauge freedom. The first is the direct analog
of (6.22) above, that is we may still transform by
diffeomorphisms which depend on x only:
xµ → fµ(x) . (6.30)
Again this condition can be fixed on a single z slice,
and one often uses it to set wµ = −δ0µ, although
other choices are possible. We still have a further
freedom, not present in the Maxwell case, namely
we may send
z → z − z2`2 δλ(x) . (6.31)
In cases where an apparent horizon exists, it is com-
putationally convenient to use this remaining gauge
freedom to set its coordinate radius to a fixed posi-
tion zh [158].
We can then decompose the equations in a manner
similar to the case above, according to their index
symmetries, i.e. into scalar (2A := − `2z2 g00), vector
(Fi := − `2z2 g0i) and tensor (Gij := `
2
z2 gij) compo-
nents. These tensor components can be further de-
composed into the trace part, which is itself a scalar,
and a traceless tensor part by writing
Gij = Σ
2gˆij (6.32)
and imposing gˆij to have unit determinant. The Ein-
stein Equations then take the form of a set of linear
radial ODE, which we show here schematically. The
precise form of the equations, including the source
terms, can be found in [158], but we would like to
particularly emphasize their nested form
DzzΣ = HΣ[gˆ] (6.33)
(Dzz)j iFj = HFi [gˆ,Σ] (6.34)
DAzzA = HA[gˆ,Σ, F, d+Σ, d+gˆij ] . (6.35)
In addition there are linear first order radial ODE
for the null time derivatives of Σ, gˆij , Fj :
Dzd+Σ = Hd+Σ[gˆ,Σ, F ] (6.36)
(Dz)klij d+gˆkl = Hd+gˆ[gˆ,Σ, F, d+Σ]ij (6.37)
(Dz)ji d+Fj = Hd+F [gˆ,Σ, F, d+Σ, d+gˆ, A]i .(6.38)
As above, we have adopted the shift-invariant
derivative of [158], such that d+ = ∂u − z2`2A∂z.
Note the nested structure of Equations (6.33-6.38),
whereby we can successively solve for the unknown
function on a given z-slice, using the function known
up to a given point in order to compute the right-
hand side terms of the next equation in the nested
sequence of integrations.
Lastly, there is a second order (in null derivatives)
ODE for Σ:
d+ (d+Σ) = Hd2+Σ[gˆ,Σ, F, d+Σ, d+gˆ, A] . (6.39)
It is convenient to regard A as an auxiliary field and
Σ, Fi and gˆ as the dynamical propagating degrees of
freedom. With this choice 13, the equation (6.35)
determines, via radial integration, the field A from
the knowledge of gˆij ,Σ, F and their null derivatives
at a given (null) hypersurface.
If Eqs. (6.33), (6.34) are satisfied on the initial
(null) time slice, then they are satisfied everywhere,
given that the dynamical equations (6.36 - 6.38) are
satisfied. They are thus initial data constraints.
If Eq. (6.39) is imposed on a single z slice, it holds
throughout the bulk, again assuming the remaining
equations hold. This can be shown from the gravita-
tional Bianchi identities, together with the conserva-
tion of the gravitational energy-momentum tensor,
in direct analogy with he U(1) case where conserva-
tion of Ja took its place. Hence this equation gives
a boundary value constraint.
13 Other choices are possible, for example one may regard all
of A,Fi,Σ as auxiliary.
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Then Eqs. (6.36 - 6.38) determine the first or-
der (null) time derivatives of the propagating fields.
Notice that the nested structure of these equations
allows to solving them one by one on a given null
hypersurface. We can then use any convenient time
stepping algorithm to determine the dynamical fields
on the next timeslice, where the procedure can be
repeated as above.
To some extent we are free to choose which of the
functions are considered auxiliary and which are dy-
namical. Correspondingly the interpretation of some
constraint equations changes. A slight variation to
the scheme above is to view only gˆij as propagating,
and treat Σ, Fi and A as auxiliary. We then have no
constraint on initial data, but instead three bound-
ary value constraints, namely Eqs. (6.36), (6.38),
and (6.39). It is this choice which resembles most
closely the characteristic scheme in the EM case, de-
scribed above.
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Appendix A: Kruskal extension of eternal AdS
black hole
For completeness we review in this appendix the
notion of the maximal extension of the eternal
Schwarzschild black hole in AdS, which was used in
Section III B above. In particular we wish to give
a more geometric perspective than in the bulk, ex-
plaining in more details how the full geometry de-
picted in Fig. 6 is constructed. For convenience to
the reader this section has some redundant elements
which were already covered in the main part of this
review.
We remind the reader that the manifold depicted
in Fig. 6 serves as the geometric dual of the ther-
mal state at inverse temperature β of the field the-
ory. The fact, as we review here, that this mani-
fold has a maximal extension with two asymptotic
boundaries (see Fig. 6) is the simplest manifestation
of a Schwinger-Keldysh like doubled contour within
AdS/CFT. The starting point is the metric (3.3),
which we repeat here for convenience
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2d~x2 . (A1)
This metric covers the exterior region of a black hole
in AdS, but has a coordinate singularity at r = r0,
where f(r0) = 0. To explore the geometry beyond
this locus one defines a new set of coordinates. To
this end, we start by defining the tortoise coordinate
r∗ =
∫
dr
f(r)
(A2)
in terms of which we set u = t−r∗ and v = t+r∗. In
terms of u and v the metric is still degenerate at the
point r = r0, but we are only one step from defining
a coordinate system in which this apparently singu-
lar behavior is removed. Let
U = −e− 2piβ u , V = e 2piβ v , (A3)
so that
ds2 = −
(
β
2pi
)2
fe−
4pi
β r∗dUdV + r2d~x2 , (A4)
which is now completely regular at the horizon. By
taking the usual range r ∈ [0,∞) and t ∈ R, we have
r∗ ∈ R, and thus
U ∈ (−∞, 0] , V ∈ [0,∞) ‘Right’ (A5)
We have labeled this range of coordinates as the
‘right’ region of the spacetime, as it covers precisely
the triangular region labeled ‘R’ in the diagram of
Fig. (6). However, there is absolutely nothing pre-
venting us from considering (i.e. extending) the met-
ric (A4) for all real values U, V ∈ R. This is pre-
cisely what is referred to as the Kruskal extension of
the Schwarzschild solution and was used explicitly
in section III B. In addition to the ‘right’ exterior
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region we started with, this extended spacetime also
contains a left exterior region for which
U ∈ [0,∞) , V ∈ (−∞, 0] ‘Left’ (A6)
This is the triangular region labeled ‘L’ in Fig. (6).
In addition to these two regions there also are the
two interior regions
U ∈ [0,∞) , V ∈ [0,∞) Future Interior
U ∈ (−∞, 0] , V ∈ (−∞, 0] Past Interior
(A7)
Finally, since U and V are null directions, one often
uses timelike and spacelike combinations
T = 12 (V + U) , X =
1
2 (V − U) . (A8)
Tracing back the various definitions that led us here,
we can deduce that the direction of Kruskal time T
coincides with the direction of t, the ‘Schwarzschild
time’ in the right exterior, while it is opposed to it
in the left exterior region, essentially due to the sign
difference in U and V between those regions.
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